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ABSTRACT 
The experimental determination of the buffeting on a launch vehicle i s  
analyzed. The s t a t i s t i c a l  prediction of the grcss vehicle  loadings and d is -  
placements from wind tunnel data  obtained from r i g i d  models is considered. 
The dynamic response of the  vehicle i n  bending and i n  sloshing is  deicribed. 
Design of a wind tunnel test that   ill deterx~ine the  required data  is out l ined,  
and instrumentation requirements are discussed. Data reduction techniques 
a r e  described t h a t  generate the  power spec t r a l  dens i t i e s  of the aerodynamic 
forcing. The sca l ing  ru les  a re  included. Saturn I test  da ta  are reduced and 
the r e s u l t s  are compared w i t h  the  r e su l t s  of an ae roe la s t i c  t e s t  and a f l i g h t  
test .  The main p a r t  of the repor t  is presented i n  Volume I. The c l a s s i f i e d  
por t ion  i s  contained i n  Volume 11. 
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SECTION I. INTRODUCTION 
This repor t  is  a study of the methods using wind cunnel da ta  from r ig id  
m o d e l s  t o  pred ic t  t h e  gross vehicle loads caused by buffeting. 
occurs on launch vehicles which have configurations t h a t  are not aerodynami- 
c a l l y  clean. 
flaw separat ion,  or  vor t ices  kenerated by these bodies. The problems caused 
by buf fe t ing  can be divided i n t o  two categories. One cons is t s  of local prob- 
lems, which include local s t r u c t u r a l  damage t o  the vehicle and discomfort or 
i n ju ry  t o  passengers. The other  category cons is t s  of t he  gross vehicle  prob- 
lems, which include the  s t r u c t u r a l  damage and cont ro l  interference caused by 
the s t r u c t u r a l  bending of the e n t i r e  vehicle  and the r i g i d  body and sloshing 
dynamics of the vehicle .  
Buffeting 
The buffeting can be caused by o s c i l l a t i n g  shock waves, unstable 
The ana lys i s  presented i n  th i s  study is  confined t o  gross vehicle  consid- 
e ra t ions .  The magnitude of t he  gross unsteady aerodynamic forces ac t ing  on 
t he  vehicle i s  usually small compared t o  other  vehicle loadings. 
the  vehicle has various resonant cha rac t e r i s t i c s ,  and the  per iodic  nature of 
the buffeting can cause la rge  bending and sloshing def lec t ions  i f  the buf fe t ing  
a c t s  near t he  resonant frequencies, The cont ro l  system can be exci ted by these 
s t r u c t u r a l  o sc i l l a t ions .  
However, 
The methods used i n  analyzing wind tunnel buffeting data  which w i l l  allow 
the e f f e c t s  of buf fe t ing  on the vehicle t o  be calculated are reviewed and 
extended here.  These methods w i l l  allow s t a t i s t i c a l  ca lcu la t ions  t o  be made 
of the vehicle stresses and control  def lec t ions  tha t  a r e  generated by the  res- 
ponse of the vehicle t o  the buffet ing loads. The techniques are r e s t r i c t e d  
t o  the  ana lys i s  of data  taken w i t h  r i g i d  models and no attempt is  made t o  
compensate fo r  the  e f f e c t s  t ha t  the vehicle def lect ions have on the  flow f i e l d .  
The response of the  cont ro l  system t o  the buffeting is not included i n  the 
ana lys i s ,  but i t  can be integrated i n t o  t h i s  work a t  a l a t e r  date.  
In  analyzing the  bending dynamics, the vehicle  i s  considered t o  be a 
nonuniform s losh  f r e e  beam. (The multitank configuration of the f i r s t  s tage  
of t he  Saturn I is  assumed t o  behave as a s ing le  tank.) 
dens i t i e s  of the t ransverse displacements and bending moments are determined 
i n  terms of the  dynamic cha rac t e r i s t i c s  of the vehicle  and i n  terms of the 
integrated power spectral dens i t ies  of the local normal force coef f ic ien ts .  
This allows the mean square of the t ransverse displacements and the  mean square 
of the  bending moments a t  any vehicle s t a t i o n  t o  be evaluated. 
the ana lys i s ,  the  effects of bending on the cont ro l  system may a l s o  be 
determined. 
The power spectral 
By extending 
In  analyzing the  r i g i d  body and sloshing dynamics of the vehicle ,  it i s  
assumed t h a t  the vehicle cons is t s  of a series of spr ings,  dashpots, and masses 
attached t o  a r i g i d  beam. The power spec t r a l  dens i t i e s  of the  moment coef f i -  
c i e n t  about t he  center  of gravi ty  w i l l  allow the  mean square of the  
1 
displacement of the  vehicle  and the s loshing l iqu ids  t o  be determined. The 
stresses caused by t he  s loshing can a l s o  be determined. 
There are several r e s t r i c t i o n s  on the  methods out l ined i n  t h i s  report .  
It is necessary t o  follow the  derivation of these methods c lose ly  t o  understand 
the implications of some of these  r e s t r i c t i o n s .  For the sake of completeness 
a l l  of t h e  r e s t r i c t i o n s  are l i s t e d .  
1. 
2. 
3.  
4. 
5. 
6 .  
7. 
8. 
9. 
10. 
I n  determining the  bending dynamics, t he  vehicle must be l i g h t l y  
damped and i ts  behavior must be described by Eq. (1). 
The dynamic modes (both bending and sloshing) mus t  not i n t e rac t  with 
one another. 
The cont ro l  system is not considered i n  the analysis .  
It i s  assumed tha t  t he  bending def lect ions of the vehicle  have no 
e f f e c t  on the  flow f i e ld  about the vehicle. It is  a l s o  assumed t h a t  
small angles of a t t ack  have no e f f e c t  on the  buffeting. 
The bending modes m u s t  be determined before the  wind tunnel da t a  can 
be reduced. 
Buffeting must be stochast ic .  
The noise l eve l  of the  tunnel must be l o w  enough so t h a t  s igna ls  fed 
i n t o  the measuring system w i l l  be negl igible .  
The r i g i d  model should have no dynamic cha rac t e r i s t i c s  t h a t  w i l l  
cauSe erroneous measurements. I f  the model does possess some reson- 
an t  cha rac t e r i s t i c s  t ha t  may be excited by the flow, s igna ls  i n  the 
resonant frequency ranges should be f i l t e r e d .  
A l l  measurements must be referenced t o  the  same t i m e  base. 
The instrumentation generating cross  power s p e c t r a l  dens i t i e s  must  
determine real and imaginary components. 
2 
I -  
8 
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I 
1 
I 
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11. GENERAL ANALYSIS OF BENDING DYNAMICS 
The equation describing the  bending dynamics of a s losh-free vehicle  i s  
the same as t he  one describing the dynamics of a non-uniform beam (Ref. 1). 
The coordinate system i s  shown i n  f igure 1. The loca l  normal force is  
given by 
and the  local normal force coef f ic ien t  C,(x,t), based on the loca l  radius ,  
i s  given by 
$(XYt) = CpL cos 8 de (3)  
The loca l  normal force coef f ic ien t  i s  a function of Mach number and Reynolds 
number . 
For a l i g h t l y  damped systemy the homogeneous representation of Eq. (1) 
can be approximated by 
whose so lu t ion  i s  then 
P 
n 
where 
and 
Jo’m 0h2(x) dx = 1 
Subs t i tu t ing  Eq. (5) and (6) i n t o  Eq. (4) y ie lds  
Thus 
3 
1 -  
' I  
c 
1 
t 
I 
I 
1 
d 
X 
v) 
H 
rn 
4 
I . 
Let the so lu t ion  of Eq. (1) be wr i t ten  
Y =  C Y n  
n 
where 
I n  Appendix A the  following orthogonality condition i s  derived : 
(15) 
1 r m aj(x) %(x) dx = 0 when a # n 
L O  
From Eq. (7) and (15) Eq. (14) can  be wr i t t en  L' CN(x,t) r (x )  dx (16) .. 7n(t)  + bYn(t) + %* r n ( t )  = q 
Defining the damping r a t i o  a s  
- b  - -  
'n 2an 
Eq. (16) can be wr i t t en  
5 
I 
1 8  
c 
" 
The Fourier transform of a function f ( t )  over time T is defined as 
Where f(t) can be expressed as 
The power spec t r a l  densi ty  of a function f ( t )  is defined by 
4x - - 
T f(w) f(-w) g,(w) = l i m  
T - m  
Taking the Fourier transform of Eq. (18) yields  
The power spectral density of Y n ( t )  i s  
4 x  - - -
@7jn(w) = l i m  T 7 j ( 4  rn(-W) 
T + w  
Subs t i tu t ing  Eq .  (23) i n t o  (24) yields  
I -  
1' 
Defining the integrated power spectral  density of the local  normal force 
coef f ic ien ts  as  
a 
I 
I 
8 
I 
1 
I 
I 
I 
8 
II 
8 
I 
8 
8 
Equation (28) can be rewri t ten 
Taking Fourier transforms of Eq. (31) y ie lds  
From Eq. (21) -- 
(30) 
(33) 
(34) 
(35) 
This i s  s i m i l a r  t o  the equation derived on page 192 of Ref. 2. From Appendix 
C (which is determined from Appendix B ) ,  the mean square of the def lec t ion  a t  
a point i s  
<y2(x)> = $(x,x,w) do (36) s," 
I f  the def lect ions a re  Gaussian, the 3-sigma values of the def lect ion a r e  
2 112 33 ( X I  = ?[<Y (XI>] Y (37)  
7 
The de f l ec t ion  of a spec i f i c  mode is given by Eq. (11) 
Y, = Qn(x) 7n(t) 
The power spectral densi ty  of t he  def lec t ion  of t h i s  mode is given by 
The bending moment a t  a point is given by 
"-   y*(t) E(x) I(x) y 
L L 
M(x,t) = 
n 
The puwer spec t r a l  densi ty  of t he  bending moment is given by 
and the mean square i s  given by 
a2(x)> =J G(x,x,w) dw 
I f  the moments are Gaussian, the 3-sigma values a re  
1/2 354(x) = + 3 [&(X)>J ( 4 3 )  
The power spectral density of the moment of a pa r t i cu la r  mode is 
The mean square of the  moment generated by t h i s  mode is  
& ( X , X P )  did (45 1 
Each of these power spec t r a l  dens i t ies  i s  a function of Mach number and 
Reynolds number. 
Approximations can be made tha t  w i l l  reduce the labor required i n  de te r -  
mining the bending dynamics of a vehicle. 
A simplifying approximation can be made by considering Eq. (35) and (41): 
8 
l 8  I 
8 
I 
8 
I 
I 
1 
1 
t 
8 
8 
1 
8 
8 
8 
I 
a n  
E(x) I(x) E(x') I ( x ' )  6 (x) d: (x') q2 IQ (w) 
(41) 
Yj(4 Yn(-.) L2 
I f  the va r i a t ion  i n  I a n ( w )  is  r e l a t ive ly  small Over the frequency range, Eq. 
(35) and (41) show that the  cross  modal terms i n  t h e  double s e r i e s  a r e  
neg l ig ib l e  because YQ(w) Yn(-W) (where afn) i s  large fo r  a l l  frequencies. 
Thus Eq. ( 3 5 )  can be approximated by 
and Eq. (41) can be approximated by 
From Eq. ( 3 8 )  and (44) 
fly(x,x' ,4 = JJp(x,xf ,4 c Q 
%(X,X' ,w) =I J J & b X f  ,4 
n 
From E q .  ( 3 6 ) ,  ( 3 9 ) ,  (42), and (45)  
( 4 8 )  
( 4 9 )  
n 
Thus, the approximation allows the  cross  modal terms i n  the integrated power 
spectral density of the local normal force coe f f i c i en t  t o  be omitted. This 
w i l l  g rea t ly  reduce the number of computations required i n  the  data  reduction. 
However, some ca lcu la t ions  should be made which include these cross  modal 
terms. The r e s u l t s  of these calculat ions should be compared with those ob- 
tained from the approximate procedure t o  serve as a check on-the accuracy of 
the  a ppr oxima t i on. 
The approximation a l s o  shows t h a t  the mean square displacements and 
bending moments a re  the sum of the mean square displacements and bending 
mments of each mode. The mean square displacements and moments of each mode 
can be determined and then summed. I f  the displacements and moments of a 
given mode a r e  excessive, the  approximation w i l l  a id  i n  ident i fying the  mode 
i n  question. 
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I 
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A fu r the r  s impl i f ica t ion  can be introduced by observing tha t  the  imped- 
l 
I 
ance, defined by Eq. (26), is  large f o r  a l l  frequencies except those near the 
r e s  onant frequency . 
yn(w) = (%2 -2) -2ipnw % (26) 
Thus, if I (w) does not vary grea t ly  Over the frequency range, Eq. (38) and 
(44) show &at Idyn(x,x',w) and &(x,x',w) w i l l  be approximately zero except 
fo r  frequencies near the na tu ra l  frequency of each mode. Thus, Eq. 
(44) can be approximated by 
(38) and 
(52) 
fo r  
and 
for  
w < w n - - a n d  awn w >  o n + -  a"n 
2 2 
From Eq. (26) 
2 4  
Iyn2(%) I = 4% wn 
Equations (52) and (53) can be rewritten 
fo r  
(53) 
(54) 
(55) 
(57) 
(58) 
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The frequency range, or band width, for  which Eq. (52), (53) ,  (57), and (58) 
a r e  applicable is  given by 
where g is  usually set equal t o  "/2. Subst i tut ing Eq. (54), (55), (57), (58), 
and (59) i n to  (39) and (45) yields  
. 
The sum of the mean squares of the displacements and bending moments of each 
mode w i l l  y ie ld  the mean squares of the  displacements and bending moments of 
the  vehicle by Eq. (50) and (51). Thus, the approximation allows the mean 
squares of the displacement and moments t o  be obtained without performing the  
in tegra t ion  of Eq. (36), (39), (42), or (45). Furthermore, i t  i s  only 
necessary t o  determine the integrated power spec t r a l  density a t  the na tura l  
frequencies of the bending modes .  Thus, a considerable decrease i n  data re- 
duction e f f o r t  is effected.  
methods, sample calculat ions should be compared with those obtained from the 
exact method t o  e s t ab l i sh  the accuracy of the approximations. 
Before relying en t i r e ly  on these approximate 
The geometric scal ing ru les  are implied i n  the equations tha t  have been 
derived. 
f l i & t .  This r e a l  t i m e  of the vehicle t is related t o  the reduced t i m e  t of 
aerodynamic phenomena by 
The t i m e  t used i n  the equations is the r e a l  t i m e  of the vehic$e i n  
L -  t = -  t 
V 
I\r 
and the reduced t i m e  t i s  re la ted  t o  the r e a l  time t* during wind tunnel 
tests by 
.u v* * t =c* t 
The frequencies a r e  re la ted  by 
w = v z  
* L" * 
w=-pk w 
L 
and 
The scal ing of the power spec t r a l  dens i t ies  w i l l  now be determined. 
11 
i 
I 
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1 
. 
t 
. 
From Eq.  (19) 
Subs t i tu t ing  Eq .  (62) and (68) 
likewise 
The integrated power spec t ra l  density of the loca l  normal force coef f ic ien t  
sca les  by the  same ru le .  
an 8% model. The data  taken with these models were scaled by e s sen t i a l ly  the 
above r e l a t ions  t o  the f u l l  sca le  vehicle.  Vir tual ly  the same r e s u l t s  were 
obtained f rom both s e t s  of t e s t  data fo r  the f u l l  scale  vehicle.  
give experimental ve r i f i ca t ion  t o  the scal ing rules .  
In  Ref. 3 t e s t s  were conducted with a 1.6% model and 
These r e su l t s  
12  
SECTION 111. TEST METHODS FOR BENDING DYNAMICS 
I n  evaluating Eq. (35), (38),  (41), (44), (52), and (53), the  integrated 
power s p e c t r a l  density of the loca l  normal force coe f f i c i en t s  I j n ( w )  m u s t  be 
generated from the experimental data. In  the  approximate methods it i s  only 
necessary that Inn(W) o r  Inn(%) be determined from the  data.  In  determining 
the integrated power spectral density of t he  loca l  normal force coef f ic ien ts ,  
two methods are ava i lab le .  The f i r s t  one is termed the series method. The 
second one is ca l l ed  the  cross  spectrum method. 
The series method w i l l  evaluate Eq. (29). 
I j n ( w )  =J'J' h ( x , x '  ,a) r(x) a j ( x )  r ( x t )  an (x ' )  dxdx' 
From Eq. (27) 
Expressing the  local normal force coef f ic ien ts  as a s e r i e s  i n  terms of the 
vehicle bending modes 
W 
Taking Fourier transforms y ie lds  
W 
Subs t i tu t ing  Eq. (73) i n t o  Eq. (27) y ie lds  
u w  
Subs t i tu t ing  Eq. (74) i n t o  Eq. (29) yie lds  
%(x') dxdx' (75) 
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From Eq. (7) and (15) th i s  can be writ ten: 
1 
8 
8 
I 
I 
1 
I 
I 
1 
8 
1 
8 
I 
II 
8 
e 
Ijn(w) = l i m  4 X , e a ( w > v j  
T - + m  T 
This is the cross modal power spectrum of the t i m e  dependent coef f ic ien ts  i n  
Eq. (72) tha t  express the loca l  normal force coef f ic ien ts  as  s e r i e s  of the bend- 
ing modes. I n  order t o  determine these coef f ic ien ts ,  multiply both s ides  of 
Eq. (72) by r(x)%(x) and integrate  with respect t o  x. 
cN(x,t) r (x)  an(x) dx = J - ’ ea ( t )  r1 m(x) a j ( X )  %(XI dx (77) 
U “ 0  a J O  
From the  orthogonality conditions given by Eq.  (7) and (15) 
en( t )  =J1 cN(x,t) r (x)  dx (78) 
Consider t h a t  the vehicle is divided i n t o  segments as shown i n  f igure 1. The 
dimensionless distance t o  the center of the ith segment is  given by x i .  
dimensionless length of the ith segment is  given by hi. 
The 
Assume t ha t  the loca l  normal force coef f ic ien ts  CN(x,t) have unity 
s p a t i a l  cor re la t ion  Over the length of each segment. Thus 
(79) 
I f  the var ia t ion  i n  the product r (x)  an(x)  i s  small Over each segment, t h i s  
can be wr i t ten  
Assume t ha t  the local  normal force coef f ic ien ts  do not necessarily have 
unity s p a t i a l  cor re la t ion  over the length of each segment, but t ha t  var ia t ions  
of the product r(x) an(x) a re  small over each segment. 
be wr i t ten  
Then Eq .  (78) can pci-+$  CN(x’t) d~ 
en( t )  = C r ( x i )  an (x i )  ki 
i 
8 
I 
I 
1 
1 
8 
8 
. 
The quant i ty  i n  the bracket i s  the average value of the normal force coef f ic ien t  
over t he  length of the segment and will be designated C ~ ( x i , t ) .  
can be wr i t t en  
Thus Eq .  (78) 
@n( t )  =F CN(xi,t) r ( x i )  an (x i )  (83) 
T' 
The Fourier transform of Eq.  ( 8 0 ) ,  (81), or  (83) w i l l  allow Eq.  (76) t o  be 
evaluated. 
I n  applying the cross  spectrum method, E q .  (29) w i i i  be evaluated. Ass-aiie 
f i r s t  t h a t  the  model is divided into segments as shown i n  f igure  1. Assume 
t h a t  t he  loca l  normal force coef f ic ien ts  CN(x,t) have uni ty  s p a t i a l  correla-  
t i o n  over t he  length of each segment. Thus 
over the  range 
From Eq. (27) 
Thus Eq.  (29) can be wr i t t en  
an(x ' )  dxdx' (85) 
I f  t he  segments are such t h a t  t he  var ia t ions  i n  the product r (x)  an(x) are 
small over the segments, then Eq. (85) can be approximated by 
1an(w) =F J-' h ( x i , x j , ~ )  r (x i )  aa(x i )  r ( x j )  an(x j )  hi b j  
N o w  assume t h a t  t he  segments a r e  such tha t  the var ia t ions  i n  the product 
r (x )  an(x) are small over each segment but t h a t  the coe f f i c i en t s  Over each 
segment do not necessarily have unity s p a t i a l  cor re la t ion .  Then E q .  (29) can 
be wr i t t en  
(86) 
+-TI 
1 J  
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Subs t i t u t ing  Eq. (27) i n t o  the quant i ty  i n  the  brackets 
curi Axj 
dxdx 
(87) 
The two in t eg ra l s  are the  average values of t he  Fourier transform of the loca l  
normal force coe f f i c i en t s  over the segments. Thus Eq. (87) can be wr i t ten  
i j  
where 
and i s  t h e  Fourier transform of the average local normal force co- 
e f f i c i e n t  ac t ing  over a segment. 
I f  it can be determined t h a t  there  i s  no co r re l a t ion  between s t a t ions  
along t h e  body, then Eq. (90) can be w r i t t e n  
i 
16 
I -  
Unity pressure cor- 
r e l a t i o n  over 
segment 
. 
1 
S m a l l  va r i a t ion  i n  
r (x)  %(x) over 
segment 
I f  only the  absolute value of the power spectral densi ty  of the local normal 
force coe f f i c i en t s  is  ava i lab le ,  the maximum possible values of the integrated 
power s p e c t r a l  dens i ty  of loca l  normal force coef f ic ien ts  a r e  given by 
l a n ( w )  =I 1 Ih(x i ,x j ,w)I  Iaa(xi) %(xj)I . r(xi) r (x j )  hi Fatj (92) 
i j  
where lG(xi ,x j ,u ) ]  is given as a function of %(xi,xi,w) and %(xj,xj,w) i n  
Appendix D. 
Measure loca l  nor- 
mal force over seg- 
ments or pressure 
a t  points and in -  
t eg ra t e  by Eq. (3) 
From CN(xi,t*) and 
Eq. (80) 
From en( t*) and 
Eq. (76) 
To determine the  mean square of the  vehicle bending def lect ions and bend- 
ing moments, the power s p e c t r a l  dens i t ies  of the  bending def lect ions and bend- 
moments must be obtained a s  shown i n  Eq. (36) and (42). Equations (35) and 
(41) show t h a t  these can be obtained from the  dynamic cha rac t e r i s t i c s  of the  
vehic le ,  the dynamic pressure, and the integrated pmer  spec t r a l  densi ty  of the 
local normal force coef f ic ien ts .  This integrated power spec t r a l  dens i ty ,  given 
by Eq. (29), is determined from experimental force or pressure data.  It must 
be scaled by the r e l a t ions  given in  Eq. (70) and (71) .  The integrated power 
spec t r a l  density can be obtained by e i t h e r  of two d i f f e ren t  methods, the series 
method or the cross  spectrum method. In  both methods the body is  divided i n t o  
segments. 
below. The ca lcu la t ion  of the integrated power spec t r a l  density i s  based on 
the real  t i m e  of the wind tunnel test. The ca lcu la t ion  by the series nethod 
is out l ined i n  Table I and by t h e  cross  spectrum method i n  Table 11. These 
integrated power spectral dens i t ies  of the  loca l  normal force coe f f i c i en t s  
must be scaled t o  the  f l i g h t  case by Eq. (70) and (71). 
These segments must be selected on the  bas i s  of c r i t e r i a  presented 
Measure loca l  nor- 
m a l  force over 
segments 
From C&' (Xi , t* )  
and Eq. (83) 
From Bn(t*)  and 
E¶. (76) 
Table I Ser ies  Method of Detenin ing  Ijn(@) an3 Ian(!Jn*) 
Factors t o  be 
Determined Selection of Segments 
Unity pressure cor- 
r e l a t i o n  and small 
var ia t ion  i n  
r(x) an(x) over 
segment 
Measure loca l  normal 
force over segments 
or pressure a t  
points and in tegra te  
by Eq. (3) 
From c ~ ( X i ,  t*) and 
Eq. (81) 
Eq. (76) 
From Bn( t* )  and 
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Table I1 Cross Spectrum Method of Determining Ijn(*) and ren(%*) 
From CN(xi, t*) and 
Eq. ( 8 4 )  
Factors t o  be 
Determined 
From CN(xi, t*) From C N ( X i , t * )  and 
and Eq. ( 8 4 )  Eq. ( 8 4 )  
Selection of Segments 
From %(xi ,x j  , rsk) 
and Eq. (85) 
~ 
I 
I Unity pressure cor- r e l a t i o n  over 
segment 
From %(xi,xj ,*) 
and Eq. (90) 
From &(x. ,x j  ,@) 
and Eq. (96) 
Small va r i a t ion  i n  
r (x)  an(x) over 
segment 
L'nity pressure cor- 
r e l a t i o n  and small 
va r i a t ion  i n  
segment 
r (x)  mer 
I 
Measure loca l  normal 
force over segments 
or  pressure a t  points 
and in tegra te  by 
Eq. ( 3 )  
Measure loca l  nor- 
m a l  force Over 
segments 
Measure local normal 
force over segments 
or pressure a t  
points and in tegra te  
by Eq. ( 3 )  
In  both the  series method and the  cross spectrum method the body must be 
divided i n t o  segments so  t h a t  e i t h e r  the loca l  normal force coe f f i c i en t s  have 
un i ty  s p a t i a l  cor re la t ion  over each segment or  be divided s o  tha t  the va r i a t ion  
i n  r (x)  %(x) is small over each segment. 
body i n t o  segments such t h a t  the Fressur: has unity co r re l a t ioz  cver rach seg- 
ment and the va r i a t ion  i n  r (x)  an(x) i s  small over each segment. 
It may be des i rab le  t o  divide the  
The loca l  normal force coef f ic ien ts  over each segment can be determined 
d i r e c t l y  by constructing the wind tunnel model a s  a sequence of segments t h a t  
a r e  independently suspended from a s t i ng .  The normal force ac t ing  on each 
segment w i l l  be measured with inertia-compensated balance systems. 
force can a l s o  be determined by using standard pressure transducers and in te -  
gra t ing  the  pressure readings by Eq. ( 3 ) .  
The normal 
The loca l  normal force coef f ic ien ts  can be used d i r e c t l y  t o  compute the  
integrated power spectral density by Eq. ( 7 6 )  and ( 8 0 ) ,  (81) o r  ( 8 3 ) ,  or  they 
can be used t o  determine the power spec t r a l  densi ty  of the loca l  normal force 
coe f f i c i en t s ,  which i n  turn  can be used t o  compute the  integrated power spec t r a l  
density by Eq. (85), ( 8 6 ) ,  or  (90). 
The advantages of one c r i t e r i o n  for  se lec t ing  the  segments a re  compared 
with the  advantages of other c r i t e r i a  i n  Table 111. The information is based 
on the assumption t h a t  the distance over which the  pressure has uni ty  cor re la -  
t i o n  is small compared with the  distance over which changes i n  r (x)  CXn(X) are 
small. 
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Table I11 Comparison of C r i t e r i a  fo r  Selecting Segments 
ducers are used, 
struments w i l l  be 
required a t  each 
segment. 
fewer measuring in- 
Advantages 
struments required. : 
1 
d 
f 
t 
4 
! 
Fewer measuring in- 1 
struments required. t 
1 
Gi,i  ty pre -ui-e 
corre la t ion  ovei 
segment 
I f  pressure t rans-  
ducers are used, 
fewer measuring in- 
struments w i l l  be 
required a t  each 
Small var i a t ion  
over segment 
i n  r (x)  %(x) 
I 
1 
1 
1 
! 
I 
Unity pressure 
co r re l a t ion  and 
small var i a t ion  
over segment 
i n  r (x)  %(x) 
I 
Unity pressure cor-  
r e l a t i o n  over seg-  
ment 
I f  inertia-com- 
pensated balance 
systems are used, 
fewer measuring 
instruments 
required. 
Ijn(LJk) can be 
determined by Eq. 
(81) instead of 
Eq. ( 8 0 ) ,  o r  by 
Eq. (86) instead 
of (85) 
i 
Table I11 s h m s  t h a t  dividing the  vehicle i n t o  segments so t h a t  the pres- 
sure has uni ty  s p a t i a l  cor re la t ion  is advantageous because fewer measuring 
devices are required a t  each segment i f  conventional pressure transducers are 
used. 
is small over the  segment, is advantageous because fewer measuring devices 
are required i f  inertia-compensated balances are used t o  measure the  local 
normal force coef f ic ien ts .  Generally there  is  not much t o  be gained by 
dividing t h e  vehicle i n t o  segments so t h a t  Over each segment both uni ty  pres- 
sure  cor re la t ions  and small var ia t ions  i n  r(x) %(x) e x i s t .  It may be advan- 
tageous t o  select some of the  segments by one c r i t e r i o n  and the  others  by 
another c r i t e r ion .  
Dividing the  vehicle i n t o  segments, s o  t h a t  the va r i a t ion  i n  r (x)  %(x) 
The s e r i e s  method is preferred t o  the  cross  spectrum method because, i f  
the c ross  terms i n  the  integrated power spec t r a l  dens i t i e s  are not required,  
fewer puwer spec t r a l  dens i t i e s  must be computed. This is i l l u s t r a t e d  by the  
two following cases. In  both i l l u s t r a t i o n s ,  assume tha t  only the f i r s t  f i ve  
bending modes a re  of i n t e r e s t  and t h a t  only the terms Inn(&) or  Inn(wn*) need 
be evaluated. These terms w i l l  have t o  be evaluated for  severa l  Mach numbers. 
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In  the f i r s t  case,  assume that  t he  vehicle  i s  divided i n t o  twenty-five 
segments such t h a t  the va r i a t ion  in  r (x)  %(x) is small over each segment. 
Let the loca l  normal force be measured with an inertia-compensated balance a t  
each segment. Thus, twenty-five measuring devices w i l l  be required. Using 
the series method, only f ive  power s p e c t r a l  dens i t i e s  w i l l  have t o  be computed. 
I n  the  second case ,  assume that t he  vehicle i s  divided i n t o  f i f t y  segments 
such that the pressure has unity s p a t i a l  co r re l a t ion  over each segment. 
the pressure be measured a t  e ight  points around each segment. 
measuring devices w i l l  be required. 
as 1:275 power spectral dens i t i e s  w i l l  have t o  be computed. 
of these  power spec t r a l  dens i t i e s  w i l l  be approximately zero. 
derived i n  Appendix D w i l l  allow the absolute values of the  cross  term t o  be 
determined. 
d e n s i t i e s  t h a t  w i l l  have t o  be computed by determining which terms a re  
negl ig ib le .  
L e t  
Four hundred 
Undoubtedly, many 
The r e l a t i o n  
Using the  cross  spectrum method, as many 
This r e l a t i o n  may great ly  reduce the number of power spectral 
The smaller quantity of instrumentation and need for  ca lcu la t ing  fewer 
pmer  s p e c t r a l  dens i t i e s  ind ica te  t h a t  the  segments should be se lec ted  on the  
bas i s  of small var ia t ion  i n  r (x)  %(x), inertia-compensated balances should be 
used, and the  series method should be used. Further development i s  necessary 
i n  order t o  obtain a s a t i s f ac to ry  inertia-compensated balance system of t h i s  
type 
Various vehicle  parameters can be calculated from the integrated power 
spectral density of the local normal force coe f f i c i en t s ,  as shuwn i n  Table IV. 
Table I V  Determination of Vehicle Rendin? Disnlacementn and S t r a ins  
Factors t o  be Determined From 
Iln(’SIC) and Eq. (71) 
Ijn(w) and Eq. (70) 
Ian(w) and Eq. (38) 
G ~ ( x , x , ~ )  and Eq. (39), or  Inn(w) and Eq. (60) 
Ijn(w) and Eq. (35) 
- 
,@,,(x,x,w) and Eq. (36), o r  <yn 2 (x)> and Eq. (50) 
Gaussian d i s t r i b u t i o n  and <y 2 (x)> and Eq .  (37) 
Ijn(w) and Eq. (44) 
h ( x 7 x 7 w )  and Eq. (45), or  Inn(w) and Eq. (61) 
Ian(w) and Eq. (41) 
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Factors to be Determined 
4 ( X ) >  
35&) 
- 
I From 
%(x,x,w) and Eq. ( 4 2 ) ,  or G$, 2 ( x ) >  and Eq. (51) 
Gaussian distribution and a 2 (x)> and Eq. ( 4 3 )  
Table N Determination of Vehicle Bending 
Displacements and Strains (Cont . ) 
2 1  
I -  . 
SECTION I V .  R I G I D  BODY AND SLOSHING DYNAMICS 
I n  determining the  dynamic response of a vehicle ,  the r i g i d  body and 
sloshing dynamics must be considered, as w e l l  as the bending dynamics. 
sloshing l iqu id  of a given mode i s  represented by a spr ing,  dashpot and mass, 
as shown i n  f igure  2. The vehicle  is assumed t o  be r i g i d  and only one slosh 
mode a t  a time is considered. The r i g i d  body and s loshing dynamics can gen- 
erate large vehicle stresses when the  sloshing mass i s  asymmetrically posi- 
tioned on t he  vehicle .  
a t t i t u d e  va r i a t ions  of t he  center  l i n e  of the vehicle. 
The 
The c o n t r o l  system can be disturbed because of the 
The equations of motion of a vehicle  with a s ing le  s losh  mode n can be 
developed from Newtonian mechanics as 
where 
I, is  the  moment of i n e r t i a  of the  vehicle  about i ts  center  of grav i ty ,  
excluding the  mass of the  sloshing l iqu id  of the  nth mode 
Is, is  the moment of i n e r t i a  of the  slosh;-ng l iqu id  of the nth mode about 
the  vehicle  center  of gravity 
3, i s  the angular def lec t ion  of the  vehicle a t t i t u d e  angle caused by the 
osc i l l a t ions  of  the nth mode 
€5, i s  the  angular def lec t ion  of the l iqu id  of t he  nth mode 
w ( t )  i s  the  buffeting moment about the vehicle  center  of gravi ty  
h i s  given by 
h = qflr 2 3  L 
Taking Fourier transforms of Eq. (93) and (94) y i e lds  
(95) 
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E 
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E. 
1 
I 
c 
E 
I 
E 
P 
E 
I 
z 
@ 
n + 3 c n 2  [J Is, + 3 
From Appendix C 
It i s  assumed tha t  the na tura l  frequencies of the various sloshing modes a r e  
su f f i c i en t ly  f a r  apar t  so  tha t  there is no coupling of the s losh modes or  
between the s losh  and bending modes. Thus, by the same reasoning used i n  
obtaining Eq. (48) through (51), the power spec t r a l  densi ty  of the center  l i ne  
def lec t ion  f! can be wr i t ten  
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A 
and 
I 
n 
I f  <B> is  small cumpared t o  <6,>, then 
The buf fe t ing  rn-nt P(t )  can be expressed as  
3 3  A t )  = 2Cp(t) L q 
Thus 
As shown i n  Section 11, the power spec t ra l  densi ty  of the buffeting moment 
coe f f i c i en t  i n  terms of the  frequency of the vehicle i s  obtained from the power 
spec t r a l  densi ty  of the buffet ing moment coef f ic ien t  as  a function of the re- 
duced frequency by 
ru 
Pfcp(4 = 4 PCp(W) (113) 
The power spec t r a l  densi ty  of the buffeting moment coef f ic ien t  as  a function 
of reduced frequency is obtained from the power spec t r a l  densi ty  of the moment 
coe f f i c i en t  i n  terms of the r e a l  frequency during a t e s t  by 
To ca l cu la t e  the  sloshing dynamics of the vehicle ,  the power spec t r a l  
densi ty  of the buffet ing moment coeff ic ient  about the vehicle  center of gravi ty  
must be determined. 
choice of segments and measuring devices tha t  is su i t ab le  for  determining the 
bending dynamics of the vehicle.  
displacements, which w i l l  allow the computation of the sloshing s t r e s ses ,  is  
given i n  Table V. 
The buffeting moment can be obtained with v i r t u a l l y  any 
A procedure for  ca lcu la t ing  the sloshing 
25 
8 
Table V Determination of Vehicle Sloshing Displacements 
I Factors to be Determined From 
- 
Pressure data or local normal 
force data 
p(t*) and Eq. (19) 
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SECTION V. BUFFETING CALCULATION METHODS 
The primary r e s u l t s  of a wind tunnel buf fe t ing  t e s t  on a r i g i d  model w i l l  
be t i m e  traces of the normal forces o r  pressures ac t ing  on the  vehicle. These 
can be determined by d i r e c t  measurement with a segmented model or  by use of 
pressure transducers. As previously indicated there  are two methods by which 
the  da ta  can be analyzed: the series and cross  spectrum methods. 
series method is used, t he  average local normai force coef f ic ien ts  w i l l  be 
e l e c t r i c a l l y  sunaaed by Eq. (82) t o  y ie ld  the  coef f ic ien ts  of the series i n  
Eq. (72) as functions of t i m e .  
a power s p e c t r a l  density analyzer t o  determine the integrated power s p e c t r a l  
dens i ty ,  as shown i n  Eq. (76). I f  the cross  spectrum method is used, the loca l  
normal force coe f f i c i en t s  w i l l  be input t o  a power spec t r a l  density analyzer ,  
which w i l l  y i e ld  the power spec t ra l  dens i t i e s  and the cross  power s p e c t r a l  
dens i t i e s  of the  local normal force coe f f i c i en t s ,  as shown i n  Eq. (84). Then, 
using a d i g i t a l  computer, t h e  integrated power spec t r a l  density can be de te r -  
mined by Eq. (90). The integrated power spec t r a l  densi ty ,  determined by e i t h e r  
method, must be scaled by Eq. (70) and (71) .  
I f  the 
These coef f ic ien ts  w i l l  then be passed through 
From t h i s  po in t ,  the bending moments and def lect ions of a vehicle caused 
by buffeting can be calculated by the equations of Section 11. 
pitching moment due t o  buffeting can a l s o  be determined from the loca l  normal 
force coef f ic ien ts  . 
The aerodynamic 
Programs have been wr i t ten  for the  GE 225 computer t h a t  w i l l  reduce ex- 
perimental data.  These programs were wr i t t en  so  t h a t  the PSTL-1 test r e s u l t s  
could be used as inputs. Modifications necessary t o  u t i l i z e  these programs 
with the  test  procedure given i n  t h i s  repor t  are presented i n  the  f i n a l  para- 
graph of t h i s  sect ion.  The program t h a t  determines the  elastic body buffe t ing  
is  presented i n  Appendix E.  Two auxi l ia ry  programs must be used t o  generate 
the proper input bending modes. The program given i n  Appendix F normalizes 
the  bending mode so t h a t  Eq. (7) is va l id .  
Appendix G ,  an in te rpola t ion  subroutine, which is  used i n  severa l  programs 
presented i n  t h i s  report .  
determines the unsteady aerodynamic moment t h a t  a c t s  about the vehicle center  
of gravi ty .  
To do t h i s  Appendix F must u t i l i z e  
Appendix H descr ibes  the  computer program that 
Appendix E contains the  program t h a t  ca lcu la tes  the bending moments ( f ig-  
ures 1 through 8, Vol. 11) and the bending def lect ions (f igures  9 through 12, 
Vol. 11) a t  each vehicle s ta t ion .  This program requires  input of t he  power 
spectral dens i t i e s  of the normal force coef f ic ien ts  ( f igure 3) ,  the  bending 
s t i f f n e s s  ( f igure 4), the bending modes ( f igures  5 ,  6 ,  and 7), and t h e i r  sec- 
ond der ivat ives  ( f igures  8, 9,  and lo ) ,  the dimensionless l oca l  r a d i i ,  the  d i -  
mensionless vehicle s t a t i o n ,  and the incremental length of each segment. The 
program computes the  root  mean square bending moment and def lec t ion  of each 
m i s s i l e  segment fo r  each mode and fo r  the sum of the  modes. The program can 
a l s o  output the  power s p e c t r a l  dens i t ies  of t he  bending moments and def lec t ions  
27 
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as functions of vehicle  c i r cu la r  frequency and vehicle length and the mean 
square bending moment and def lect ion caused by frequencies below the par t icu lar  
c i r c u l a r  frequency. 
The program t h a t  determines the R.MS pitching moment coef f ic ien t  ( f igure 
13, Vol. 11) is presented i n  Appendix H. It is necessary t o  determine the 
pmer spec t r a l  dens i t i e s  of the normal force coe f f i c i en t ,  the vehicle coor- 
d ina t e  a t  which the  measurements are taken, the incremental length of each 
vehic le  segment, and the local r a d i i  t o  operate t h i s  program. The pr inc ipa l  
output is the RBS pitching moment coeff ic ient .  Also output are the power 
s p e c t r a l  densi ty  of the pitching moment coef f ic ien t  as a function of frequency 
(f igures  14 and 15, V o l .  11) and the mean square of the  pitching moment co- 
e f f i c i e n t  caused by frequencies below the par t icu lar  c i r c u l a r  frequency. 
Both programs are i n  a form which w i l l  accept only the power spec t r a l  
dens i t i e s  of individual  vehicle  segments. I n  t h e i r  present form they can com- 
pute the  absolute value of t he  cross power spec t r a l  dens i t ies  by Eq.  (D-5) .  
This choice of inputs is a consequence of the data form of the  PSTL-1 t e s t s .  
T o  modify these programs t o  accept cross power spec t r a l  density terms and cal-  
culate by the c ross  spectrum method, Section A of the programs, i n  Appendices 
F and H, must be removed and the second index on a l l  PHCP (I, 1)'s mus t  be 
changed t o  J. Then J must be indexed i n  the read statement for  reading the 
PHCP (I, J)'s. 
21 must be changed t o  statement number 17 ;  and i n  the bending moment and 
de f l ec t ion  program, statement n d e r  19 must be changed t o  statement number 14. 
Modifications necessary t o  adapt these programs t o  the series method are t o  
remove sect ions B and C i n  Appendices F and H. It w i l l  then be necessary t o  
input t he  integrated pawer spec t r a l  densl ty  as a function of frequency. Also, 
the statement W = W D  + W I  i n  the pitching moment coef f ic ien t  program must  be 
given the statement number 13. These programs must be put on a la rger  computer 
than the GE 225 i n  order t o  have adequate storage t o  reduce data using e i t h e r  
the cross  spectrum method, w i t h  cross terms input t o  the program, or s e r i e s  
methods of calculat ion.  
I n  the pitching moment coef f ic ien t  program, statement number 
The inputs and outputs of t h e  programs described i n  Appendices E ,  F,  and 
H a r e  given below. 
Table V I  Buffeting Calculations 
Appendix Inputs out puts 
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SECTION V I .  SATURN I TEST DATA 
Several  r i g i d  model buffeting t e s t s  have been conducted on various con- 
f igurat ions (Ref. 3 through 9). The cross spectrum method was used t o  reduce 
the da ta  in Ref. 5 and 9. The following general conclusions a re  drawn from 
these tests. Variations i n  angle of a t t ack  have only a small e f f e c t  on t he  
buffeting. In many cases variations i n  Reynolds number a l s o  have only a small 
effect m the  h f f e t i n g .  111, these cases, hmevcr, the variation w a s  not great  
enough t o  cause the boundary layer t o  change from turbulent t o  laminar flow 
where the  measurements were taken. The decrease i n  buffeting was small a s  
the Mach number increased above one. Removing the tower had only a small e f -  
f ec t  on the buffeting. The  buffeting i s  not localized t o  the shock wave in t e r -  
sec t ion  with the body; i n  f a c t ,  i t  occurs over a considerable length. Refer- 
ences 3 through 6 indicate  tha t  power spec t ra l  dens i t ies  of the buffeting pres- 
sure have s igni f icant  values in  the low frequency range. Thus, buffeting 
occurs i n  the range where the control system can be affected.  
To determine the e f f e c t s  of buffeting on the  Saturn I, a series of wind 
Rigid body 
These 
tunnel tests was conducted by NASA/AMES. 
es t ab l i sh  the vehicle def lect ions and moments caused by buffeting. 
tests w e r e  conducted with pressure transducers located i n  the model. 
tests a r e  ident i f ied  as PSTL-1. Also, an aeroe las t ic  wind tunnel test 
w a s  conducted using a Saturn model. These two approaches t o  the problems of 
buffet ing loads should y ie ld  ident ica l  r e s u l t s  i f  the techniques upon which 
they a re  based a re  correct .  Therefore, they should provide checks on one 
another. The PSTL-1 data  a re  c lass i f ied  even though the r e su l t s  of the Saturn 
aeroe las t ic  tests and the r e s u l t s  of the ac tua l  Saturn f l i g h t  tests a r e  not. 
The objective of these tests was t o  
The PSTL-1 tests w e r e  performed on a 0.055-scale model of the  Saturn I 
Apollo vehicle a t  Ames Research Center i n  the 14-by-14 foot transonic wind 
tunnel (Ref. 6). The right-hand side of the model was instrumented a t  22 sta- 
t ions  with pressure transducers bridged t o  provide output s ignals  proportional 
t o  the  pressure loading, or loca l  normal force,  across the upper and lower 
halves of the model i n  the p i tch  plane. The output s ignals  w e r e  a l s o  ca l ibra ted  
t o  be proportional t o  the moments for each model s t a t i o n  and w e r e  e lec t ronica l ly  
s-d so that a s ing le- t race  t i m e  h i s tory  was obtained representing the  t o t a l  
f luc tua t ing  pitching moments about the f i r s t  and second bending modal points,  
a t  model stations 46.0 and 59.3, respectively.  
sunrmed outputs were recorded on a 30-channel fm tape recorder. The root mean 
square values of the moment t races  a r e  shown i n  figure 13, Vol. 11. 
The individual s t a t i o n  and 
The loca l  normal force t races  were used t o  generate the power spec t ra l  
dens i t ies  of the loca l  normal force coef f ic ien ts  (Ref. 6 ) .  The root mean 
square values of the loca l  normal force coef f ic ien ts  were obtained from the  
power spec t r a l  dens i t ies  (figure 16,  Vol. 11). 
Unfortunately, ne i the r  the time traces  nor the  power spec t r a l  dens i t ies  
of the loca l  normal force coeff ic ients  were available.  The root mean square 
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values of l oca l  normal force coeff ic ients  and pitching moment coef f ic ien ts  had 
t o  be used as the basis  of the  data reduction. The d i r e c t  terms i n  the power 
spec t r a l  density of the loca l  normal force coef f ic ien ts  can be estimated from 
the RMS values of the coef f ic ien ts  and from observing power spec t r a l  dens i t ies  
obtained from other s imi la r  tests. The power spec t r a l  densi t ies  of the loca l  
normal force coef f ic ien ts  a r e  then used t o  compute the bending dynamics of 
the vehicle  by the cross spectrummethod. The se r i e s  method can not be used 
with the  PSTL-1 data  because time traces  of the loca l  normal force coef f ic ien ts  
are required for  the  s e r i e s  calculat ions;  thus,  the cross spectrum method of 
analysis  was applied t o  the data.  
From an examination of the data presented i n  Ref. 4 through 9, the  general 
shape of the loca l  normal force coeff ic ient  power spec t r a l  dens i t ies  was deter-  
mined. 
l i ne  of zero slope ( f igure  3). An upper l imit ing value fo r  the zero slope por- 
t i o n  of the curve was determined from the above mentioned references as 4/q2. 
The zero slope portion of the curve i s  white noise,  which can be caused by 
turbulence. Assuming that it is turbulence, the turbulent portion of the RES 
l oca l  normal force coef f ic ien t  is  estimated by observing the normal force co- 
e f f i c i e n t s  a t  portions of the body where shock waves and flaw separations 
should not ex i s t .  The area under the zero slope l i nes  of the power spec t r a l  
density curve from w =  0 t o  w = 6290 radians/sec is equal t o  the mean square 
of the turbulent  portions of the local  normal force coef f ic ien t .  
l i shes  the magnitude of the  zero  slope l ine .  
the upper l i m i t  of 4/q2, then this upper l i m i t  is  used a s  the magnitude of the 
zero slope l ine .  The area under the e n t i r e  power spec t r a l  dens i ty  curve from 
w = 0 t o  w = 6290 radians/sec is  equal t o  the mean square of the local normal 
force coef f ic ien t .  This es tabl ishes  the w = 0 intercept  of the -0.4/q2 l ine .  
The absolute values of the cross terms were determined by the methods i n  
Appendix D. 
This shape is composed of a l i ne  with a slope of -0.4/q2 and of a 
This estab- 
However, i f  the magnitude exceeds 
The procedure tha t  permits the computation of the power spec t r a l  dens i t ies  
of the loca l  normal force coeff ic ients  from the root mean square values of the 
loca l  normal force coef f ic ien ts  i s  described i n  Appendix I. These power 
spec t r a l  dens i t ies  a r e  used t o  compute the root mean square buffeting pitching 
moment coe f f i c i en t ,  the  bending moments, and the bending def lect ions by the 
procedures presented i n  Appendices H and E ,  respectively.  
The previous analysis  required the use of ce r t a in  vehicle parameters. 
The mass d i s t r ibu t ion ,  m, obtained from Ref. 10, i s  shown i n  f igure  11. Bending 
s t i f f n e s s  d i s t r ibu t ion  w a s  a l s o  obtained and is  shown i n  f igure 4. The bending 
modes were taken from Ref. 11 and are  Shawn i n  f igures  5 ,  6 ,  and 7. The second 
der ivat ives  of the bending modes with respect t o  longitudinal dis tance were 
determined f ran  f igures  5 ,  6 ,  and 7 and a r e  presented in  figures 8, 9, and 10. 
Both the bending modes and t h e i r  second der ivat ives  a r e  normalized by the 
procedures presented i n  Appendix F. 
damping r a t i o  of the vehicle s t ruc ture ,  w a s  used i n  the reduction of the PSTL-1 
data.  
A damping r a t i o  of 0.01, which is  the 
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The power spec t r a l  dens i t i e s  of the local normal force coef f ic ien ts  and 
the other parameters w e r e  inputs t o  the two programs. In  one case, calcula- 
t ions  a r e  made based on no correlat ion between segments; i . e . ,  pIN(xi,Xj,w) = 
0, f o r  i # j. I n  the other ,  calculations w e r e  made assuming maximum correla-  
t i o n  between segments (assuming the most adverse conditions).  The r e s u l t s  of 
these calculat ions a r e  sham i n  figures 1 through 13, Vol. 11. 
A descr ip t ion  of the bending modes tha t  is more accurate than tha t  used 
i n  the da ta  reduction is given i n R e f .  12 and 13. These mode data were ob- 
tained from dynamic t e s t s  of a f u l l  sca le  vehicle. However, these t e s t  data  
included the multitank data  of the f i r s t  stage. 
repor t  i s  based on the vehicle being represented by a s ing le  beam. 
s ingle  beam modes of Ref. 11 were used i n  the data  reduction. 
The analysis  used in  t h i s  
Hence, the 
8 " 
SECTION V I I .  RESULTS AND CONCLUSIONS 
Analyses have been made i n  the previous sect ions t o  determine su i t ab le  
forms fo r  wind tunnel buffet ing data taken with r i g i d  models. Data expressed 
i n  these forms w i l l  allow gross vehicle stresses and displacements t o  be ca l -  
culated.  
considered. Assumptions on which the analysis  is based a r e  l i s t e d  i n  the in- 
troductim. T-dc ~ t h d s  cf d e t e ~ i n i s g  the integrated peder spectral density 
of the loca l  normal force coef f ic ien t  a r e  considered. One is  the se r i e s  
method, the other is the cross  spectrummethod. The series method does not  
require  t h a t  as  many power spec t r a l  dens i t i e s  be calculated.  
mations are made which grea t ly  reduce the labor in  calculat ing the bending 
dynamics of the vehicle.  
Both the bending and the sloshing responses of the vehicle  have been 
Several approxi- 
The data  reduction procedures previously described w e r e  applied t o  the  
PSTL-1 test r e su l t s .  The d i r e c t  terms of power spec t r a l  dens i t i e s  were e s t i -  
mated f r an  the RB5 values of the local  normal force coef f ic ien ts  by the methods 
of Appendix I. These were used t o  calculate  the absolute values of the cross 
terms. The power spec t r a l  densi t ies  were used i n  turn  t o  ca lcu la te  the root  
mean square pitching moment coef f ic ien t  about model s t a t ions  46 and 59.3, and 
a re  presented i n  f igure 13, Vol. 11. Two data reduction techniques were used. 
In  one case it was assumed that there was no pressure cor re la t ion  between 
segments, so the cross terms were s e t  equal t o  zero. I n  the other case,  the 
maximum possible cor re la t ion  between segments was used. The power spec t r a l  
dens i t i e s  of the pitching moments are shown i n  f igures  14 and 15, Vol. 11. 
The RMS moment calculat ions a re  compared with the measured value of the moment 
coef f ic ien t .  The computed values bracket the  experimental values. The r e s u l t s  
with the assumption of no correlat ion between segments compare more favorably 
with the experimental r e s u l t s  than those based on maximum correlat ion.  These 
r e s u l t s  indicate  tha t  the method used t o  estimate the power spectral dens i t i e s  
of the loca l  normal force coef f ic ien ts  gives reasonable resu l t s .  The bending 
def lect ions and moments based on these power spec t r a l  dens i t ies  w e r e  determined 
and a r e  Shawn i n  f igures  1 through 12, Vol. 11. The control  system and aero- 
dynamic damping was not considered. 
calculat ions.  
A damping r a t i o  of 0.01 was used i n  the  
Aeroelastic wind tunnel t e s t s  using a f l ex ib l e  model of the Saturn I, 
whose dynamic cha rac t e r i s t i c s  match those of the f l i g h t  vehicle,  were conducted 
a t  NASA/Langley. These tests a re  described i n  Ref. 14 and 15. The ae roe la s t i c  
t e s t s  were conducted a t  M = 0.9, whereas the PSTL-1 t e s t  data w e r e  a t  M = 0.8. 
A s t r a i n  gage was used t o  measure the model bending moment a t  a s t a t ion .  From 
t h i s  information, the model bending moments along the e n t i r e  vehicle were 
determined. 
The scal ing ru le  (Ref. 14) includes the vehicle damping r a t i o .  In  reducing 
the  ae roe la s t i c  data ,  a value for  the vehicle  damping r a t i o  was obtained (Ref. 
15) by summing the s t r u c t u r a l  damping r a t i o ,  the aerodynamic damping r a t i o ,  
and a control  damping term. 
The vehicle bending moments were scaled from the model moments. 
The values used in  determining the t o t a l  vehicle 
41  
damping of the lSt mode were 0.011, 0.006, and 0.0467, respect ively,  for  a 
t o t a l  of 0.0637. The RMS values of the bending moments obtained from these 
t e s t s  a r e  shown i n  f igure 12. 
tween the aeroe las t ic  tests and the PSTL-1 t e s t s ,  the  PSTL-1 data were reduced 
using a damping r a t i o  of 0.064. 
i n  f igures  1 7  and 18, Vol. 11. 
compare favorably i n  s p i t e  of the Mach number differences.  
of the RIB bending moment curve i s  much more e r r a t i c  than tha t  obtained from 
the aeroe las t ic  tests. The methods used t o  reduce the aeroe las t ic  t e s t  data  
and the method used t o  reduce the PSTL-1 data  were examined t o  determine why 
the shapes of the bending moment curves d i f f e r .  The RMS bending moment of 
the aeroe las t ic  t e s t  is based on figures 13, 14, and 15. These curves, the 
In order t o  provide a basis  of comparison be- 
The r e s u l t s  of these calculat ions a re  shown 
The general magnitudes of the bending moments 
However, the shape 
bending moments for  un i t  
where M(x) /y, (0)L is the  
nose def lect ions i n  f e e t ,  were computed by 
m(x) (x - TI) dZ (113) 
bending moment for  a un i t  nose def lect ion,  and the 
length of t h e  vehicle L includes the height of the tower. %(x) is  based on 
t h i s  length. This equation is  derived i n  Appendix K. 
pute the  bending moment per u n i t  nose def lec t ion  i n  reducing the PSTL-1 data  
is  given by 
The method used t o  com- 
Results of these two methods a r e  given i n  figures 16 through 19. The two 
methods a re  equivalent,  as shmn i n  Appendix L. However, t h e i r  equivalence is 
dependent on an ,  m, and E 1  sat isfying Eq. (9). 
These three factors  were obtained from three d i f f e ren t  sources. I f  they do 
not s a t i s f y  the equation, then errors  a r e  introduced in to  the data  reduction. 
Equation (9) i s  wr i t ten  i n  integral  form i n  Appendix M. The equation was  
programed on a GE 225 computer, and is  described i n  Appendix M. The inputs 
t o  the program consis t  of the bending mode, mass d i s t r ibu t ion ,  bending s t i f f -  
ness,  length,  and the na tura l  frequency of the mode. The outputs a re  the 
computed bending mode and the input bending mode. These w i l l  be ident ica l  i f  
Eq. (9) i s  sa t i s f i ed .  
The equation was solved on the computer using the vehicle parameters used 
i n  reducing the PSTL-1 data. 
s u l t s  may explain the  difference between the shapes of the two bending moment 
curves. They may a l s o  make the reduction of the PSTL-1 data  suspect. However, 
the general agreement of the  magnitudes of the root mean square values of the 
bending moments indicates t ha t  only small overal l  e r rors  a re  caused by the in- 
accuracies i n  the vehicle parameters used. 
The r e s u l t s  a r e  shown i n  f igure 20. These re- 
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The f l i g h t  t e s t  of SA-7 w a s  examined for  buffet ing loads (Ref. 16) .  A 
graph showing the angular def lect ion i n  yaw a t  the instrumentation un i t  (ve- 
h i c l e  s t a t i o n  0.342) with respect t o  the s t ab i l i zed  platform is  shown i n  
f igure  19,  Vol. 11. This def lect ion includes the e f f ec t s  of winds, misalign- 
ments, f l i g h t  path correct ion,  and control  e r ro r s ,  as well  as  the buffet ing 
def lect ions.  It is assumed that the s igna l  is not f i l t e r e d  between 0.25 and 
3.0 cps. The buffetixig deflections occur a t  a frequency of 2.2 cps and higher. 
The pr inc ipa l  f luctuat ions occur a t  a much lawer frequency. RMS buffet ing 
def lec t ions  of the first bending mode determined from the PSTL-1 t e s t  data  
y i e ld  def lect ions of 0.0117 degrees fo r  the maximum case and 0.00344 degrees 
f o r  the mini- case. These values a r e  consis tent  with the higher frequency 
osc i i i a t ions  of the flight t e s t  daca. iine agreement between che r e s u l t s  t f  
the PSTL-1 tests and the f l i g h t  t e s t s  appears sa t i s fac tory .  
The following conclusions are drawn from the analyses and r e s u l t s  of t h i s  
report .  
buffet ing test: the se r i e s  method, and the cross spectrum method. The series 
method does not require that as many puwer spectral dens i t ies  be computed a s  
does the  cross spectrum method. 
inertia-compensated balances, fewer measuring uni t s  a r e  required than i f  pres- 
sures  are measured a t  points along the body. Likewise, i f  loca l  normal forces 
a r e  lneasured with inertia-compensated balances, fewer measuring un i t s  w i l l  be 
required i f  the segments a r e  divided such that var ia t ions i n  r (x)  CXn(X) a re  
small over each segment. 
Two methods can be employed i n  reducing the data of a r ig id  model 
If  local normal forces a r e  measured with 
From a comparison of the reduced PSTL-1 test data  with the r e su l t s  of 
the aeroe las t ic  t e s t s  and the f l i g h t  t e s t ,  it can be concluded tha t  the anal- 
yses and data reduction procedures derived i n  the report  a r e  accurate. 
it can be concluded t h a t ,  i n  general, the measurements taken during the t e s t  
were accurate,  and the method used i n  estimating the power spec t ra l  density 
of the loca l  normal force coef f ic ien ts  i s  reasonably accurate. The r e su l t s  
indicate  tha t  the gross e f f e c t s  of buffet ing on a launch vehicle  can be deter-  
mined from r ig id  body t e s t s .  The PSTL-1 t e s t s  and the ae roe la s t i c  t e s t s  shaw 
t h a t  the gross vehicle e f f ec t s  of buffet ing on the Saturn I a re  small. 
Further,  
Several general conclusions can be drawn from nunrerous tests tha t  have 
been conducted i n  the  f i e ld .  The removal of the escape tower from the Saturn 
does not grea t ly  reduce the buffeting. S m a l l  changes i n  angle of a t t ack  do 
not change the buffet ing level.  
change the buffet ing level  so long as t r a n s i t i o n  of the boundary layer does 
not occur a t  the point i n  question. 
ably grea te r  than one. The buffeting i s  not local ized,  but instead occurs 
over large portions of a body. 
Changes i n  Reynolds number do not appear t o  
Buffeting occurs a t  Mach numbers consider- 
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SECTION VIII. RECOMMENDATIONS 
The follm-ing recammendations a r e  made: 
1. 
the  Saturn V. 
t i o n  of t he  Saturn I and most of the buffet ing occurs i n  the upper region. 
By using the Saturn V mass, s t i f f n e s s ,  and b ~ d i a g  iiides, t5e grzss effects 
of buffet ing on the Saturn V can be estimated. 
The buffet ing data obtained i n  the PSTL-1 tests should be applied t o  
The upper port ion of the Saturn V is s imi la r  t o  the  upper por- 
2. The buffet ing response of the Saturn I should be recomputed based on 
the  PSTL-1 t e s t  da ta ,  but with better mass and s t i f f n e s s  cha rac t e r i s t i c s  and 
with b e t t e r  defined bending modes. 
The information used i n  the computations of t h i s  report  does not s a t i s f y  t h i s  
equation. 
the  accuracy of the buffeting calculat ions.  
These cha rac t e r i s t i c s  must s a t i s f y  Eq. (9). 
An accurate knowledge of vehicle cha rac t e r i s t i c s  should increase 
3. Wind tunnel tests should be run again with the same model used i n  the 
PSTL-1 t e s t s .  
range and instrumentation should be placed on addi t ional  portions of the body. 
The raw data  should be made avai lable  so tha t  it can be reduced by the methods 
developed i n  t h i s  report .  The estimates of the power spec t r a l  dens i t ies  of 
the loca l  normal force coeff ic ients  could be eliminated, thereby increasing 
the accuracy of the buffeting calculat ions.  
However, the t e s t s  should be run over a broader Mach nuniber 
4. An inertia-compensated balance system should be b u i l t  tha t  w i l l  y ie ld  
the loca l  normal force coeff ic ients  act ing on each segment. 
be physically constructed a s  independent segments. The segments should be 
divided such tha t  e i t h e r  the  var ia t ions  i n  r (x)  %(x) a re  small over each 
segment or the loca l  normal force has uni ty  s p a t i a l  cor re la t ions  over each 
segment. 
compensated balance system. 
s t r a i n  gage bridge t h a t  w i l l  measure the normal force exerted on the segment 
by the s t i n g  and of an accelerometer, or accelerometers, mounted on the segment 
t h a t  w i l l  measure the normal accelerat ions of the segment. These readings 
w i l l  y ie ld  the aerodynamic normal forces exerted on each segment. This meas- 
uring system w i l l  require fewer measuring devices and w i l l  give more accurate 
r e s u l t s  than a model with several  pressure transducers a t  each segment. 
5. 
the  vehicle.  
considered t o  be a s ingle  nonuniform beam. However, the f i r s t  s tage of the 
Saturn I and Saturn I B  consis ts  of nine tanks,  or beams, i n  pa ra l l e l .  T e s t  
data  indicate  t h a t  the s ingle  beam assumption needs improvement. 
The model should 
Each segment should be suspended from a cen t r a l  s t i n g  by an i n e r t i a -  
An inertia-compensated balance cons is t s  of a 
The analysis  should be extended t o  include the multitank dynamics of 
In the  bending analysis  presented i n  t h i s  repor t ,  the vehicle is  
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6 .  The dynamics of the control system should be included i n  the analysis  
of the vehicle  dynamics. Angular def lect ions i n  the vehicle a t  the instrumenta- 
t i o n  unit cause the control  system t o  actuate  and generate s ide  forces where 
the engines a r e  located. These side forces cause bending def lect ions and 
sloshing, which, i n  tu rn ,  cause control deflections.  This dynamic in te rac t ion  
between the vehicle s t ruc tu re  and the control  system w a s  accounted for  (Ref. 
15) by increasing the  damping term i n  the dynamic expression t h a t  represents 
the vehicle. 
system. Huwever, the phenomena need fur ther  analysis .  
This may account for the  in te rac t ion  of the s t ruc ture  and control  
7. The aerodynamic damping of the vehicle i n  bending should be computed 
and used as an input t o  the buffeting program. 
negative on some vehicle configurations. 
f i c a n t  influence on the design of the vehicle s t ruc ture  and the control  system. 
The quasi-steady method of computing the aerodynamic damping of bodies with 
separate flow f i e lds  should be developed and programmed. 
The aerodynamic damping may be 
Negative damping could have a s igni-  
8. The analysis  should be extended t o  include the e f f ec t s  of gusts on 
the vehicle. Gusts cause bending and sloshing and should be included with 
buffet ing and aerodynamic damping a s  inputs t o  the gross vehicle dynamics. 
The gross vehicle dynamics consist  of the  bending (including the  multitank 
case),  sloshing, and control  system dynamics. 
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SECTION IX. SUMMARY 
The gross response of a vehicle t o  buffet ing is determined. The bending 
dynamics of the vehicle  i s  analyzed. 
of the  vehicle  a r e  expressed a s  a s e r i e s  i n  terms of its bending modes. The 
integrated pmer  spec t r a l  densi t ies  of the loca l  normal force coef f ic ien ts  
a r e  used t o  determine the power spec t ra l  dens i t ies  of the displacements and 
m,=m,er?rs which yield the m~an square values of bending deflect ions and bending 
moments. 
Thus, wind tunnel data  can be used t o  predict  the  gross loads induced i n  a 
vehicle by buffet ing . 
The bending displacements and moments 
The sca l ing  ru les  fo r  the power spec t r a l  dens i t i e s  a re  derived. 
Approximations a r e  introduced i n t o  the analysis.  It i s  necessary t o  make 
some approximation fo r  the longitudinal normal force d i s t r ibu t ion  because it 
can not be measured as a continuous function of length. The c r a s  modal terms 
i n  the integrated power spec t r a l  density of the loca l  normal force coef f ic ien ts  
a r e  shown t o  be unimportant i n  comparison with the d i r e c t  terms. It is  fur- 
t he r  shown t h a t  the response of t h e  vehicle can be estimated i f  the integrated 
power spec t r a l  dens i ty  of the l o c a l  normal force coef f ic ien ts  is evaluated 
only a t  the resonant frequency of the mode. 
Two methods of determining the integrated power spec t r a l  density of the 
loca l  normal force coef f ic ien ts  are considered, the series and cross spectrum 
methods. In  the s e r i e s  method, t h e  pressure d i s t r ibu t ion  is expressed as a 
s e r i e s  of the  bending modes. The coef f ic ien ts  i n  t h i s  s e r i e s  yield the in te -  
grated power spec t r a l  dens i t i e s  of the normal force coef f ic ien ts .  In the cross 
power spectrum method, the pmer  spec t ra l  dens i t i e s  of the normal force co- 
e f f i c i e n t s  a r e  integrated t o  yield the integrated power spec t r a l  dens i t ies  of 
the  local normal force coeff ic ients .  I f  the s e r i e s  method is  used, fewer 
power spec t r a l  dens i t i e s  w i l l  have t o  be determined. 
Two techniques for  measuring the loca l  normal force a r e  avai lable .  One 
cons is t s  of dividing the vehicle in to  segments over which the pressure has 
unity s p a t i a l  correlat ion.  The other technique consis ts  of dividing the ve- 
h i c l e  i n t o  s e p n t s  such tha t  var ia t ion  i n  r (x)  %(x) is  small Over each seg- 
ment. The normal force coeff ic ient  for  the segment can then be determined by 
measuring the pressure about the segment a t  several  points with conventional 
pressure transducers. The coef f ic ien ts  can a l s o  be determined with ine r t i a -  
compensated balances. Fewer measuring devices w i l l  be required i f  i ne r t i a -  
compensated balances a r e  used. 
The r i g i d  and sloshing body dynamics a re  analyzed. The mean square d i s -  
placement of the vehicle and sloshing l iquids  i s  determined as  a function of 
the power spec t ra l  density of the buffet ing moments about the vehicle center 
of gravity. Vir tual ly  any instrumentation tha t  w i l l  y ie ld  the integrated 
power spec t r a l  dens i t i e s  of the local normal force coef f ic ien ts  w i l l  y ie ld  the 
power spec t r a l  densi ty  of the buffeting moment about the vehicle center  of 
gravi ty .  
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Saturn I buffet ing da ta ,  obtained with a r i g i d  pressure model, was re- 
duced by the methods developed i n  t h i s  report .  The root  mean square values 
of t he  vehicle bending moments and bending def lect ions were determined. 
values compare favorably with the r e su l t s  of an aeroe las t ic  model t e s t  and with 
the f l i g h t  test r e s u l t s  of Saturn I (SA-7). However, the bending modes, mass 
d i s t r i b u t i o n ,  and bending s t i f f n e s s  do not represent a compatible set of data.  
This incompatibil i ty causes some discrepancies i n  the data. 
These 
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APPENDIX A 
ORTHOGONALITY OF THE BENDING MODES 
Consider Eq. (9) when 1 # n. 
Multiplying Eq. (A-1) and (A-2) by %(x) and aa(x) respect ively,  and 
in tegra t ing  y i e lds  
Subtracting 
(we2 - s2) L~S,’ m a a ( x )  an(x) dx 
=J [ (E1 c$(x),” %(x) - (E1 an(”)) aj(x)l dx 1 // // 
(A-3) 
(A-4) 
(A-5) 
when 1 # n 
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APPENDIX B 
COMPLEX CONJUGATES OF CROSS POWER SPECTRAL DENSITIES 
Consider t h e  Fourier transform of f ( t )  
Subs t i t u t ing  f o r  t he  two components 
'm = A(w) - iB(w) 
From Eq. (B- l ) ,  f(-w) can be wr i t ten  
& JTf2 T /2  f ( t )  eiot d t  f(-w) = l i m  
T + -  
(B-3) 
03-41 
f ( t )  s i n  w t  d t  
T /2  T/ 2 
f(-w) = l i m  ' & LTl2 f ( t )  COS w t  d t  + lim i 
T + m  T + w J T / 2  (B-5) 
Subs t i tu t ing  for  the  two components 
f(-w7= A(w) + i B ( w )  
Comparing Eq. (B-3) and (B-6) reveals t h a t  
gates.  
and 'm are complex conju- 
Now consider t h e  cross power spectral density function 
(B- 7) 
4n Nxj,%,w) = l i m  - vm 
T - + ~ T  
T h i s  can be wr i t t en  
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I c 
Consider 
(B- 10) 
(B- 11) 
-i ( A j ( a )  Bn(a) An(u) Bj(W)) (B- 12) 
Comparing Eq. (B-9) and (B-12) shows tha t  g(xj,xn,w) and @(%,xj,w) a re  complex 
conjugates. When 1 = n,  g ( x ~ , x j ~ a )  is r e a l  from Eq. (B-9). Usually when the 
cross  power spec t r a l  dens i t ies  a re  required, they a re  added i n  pa i r s ;  i . e . ,  
@(x~,xnyw) + @(%,xj,U), where .@ # n. The imaginary components, when added, 
are equal t o  zero; so, only the r ea l  components of the cross power spec t ra l  
dens i t i e s  are used. Thus, for  many appl icat ions,  only the r e a l  parts of the 
power spec t r a l  dens i t ies  need be determined. 
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APPENDIX C 
DETERMINATION OF THE MEAN SQUARE VALUES FROM 
THE P W R  SPECTRAL DENSITIES 
The mean square of a function is defined as 
Subst i tut ing the Fourier in tegra l  (Eq. (20)) for  one of the functions 
Let t ing w’ = - w  
Reversing the order of integrat ion 
From Eq. (19) t h i s  can be wr i t ten  
- 
From Appendix B ,  y(-w) and y(w) are complex conjugates. The product of two 
functions tha t  a r e  complex conjugates is equal t o  the square of the absolute 
magnitude of one of the functions. The integrand is an even function of w. 
Thus, Eq. ( C - 5 )  can be wr i t ten  
Fr an 
Thus 
Eq. (24) t he  power spec t ra l  density function is defined as  
4n - - 
$(w) = l i m  T Y ( W )  y ( - 4  
T - + m  
E q .  ( C - 6 )  can be wr i t ten  
6 2  
APPENDIX D 
RELATION BETWEEN &(xi,xj  ,w), &(xi,xi,w), and %(xj ,xj ,w) 
The power spectral dens i t i e s  a re  given by 
Thus 
The two power spectral dens i t i e s  on the right-hand s ide  of Eq. (D-4) are  complex 
conjugates of one another,  by Appendix B. The product of a function and i ts  
complex conjugate is equal t o  the square of the absolute value of the function. 
Thus, Eq. (D-4) can be wr i t ten  
The square root of the product of two power spec t r a l  dens i t i e s  i s  the 
absolute value of the cross power spec t r a l  density between the two power 
s pe c tra 1 dens it ies . 
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APPENDIX E 
BENDING MOMENT AND DEFLECTION PROGRAM 
T h i s  program computes the bending moments and the  bending def lec t ions  of 
an elastic vehicle from r i g i d  body wind tunnel t e s t  data .  
f o r  t he  program are given in  the descr ip t ion  of the def in i t ions  i n  t h i s  appendix. 
The inputs AT..P(I), ALPl(I), and PHCP(I,I), KEC are the  punched card outputs of 
t h e  normalization program, described i n  Appendix F, and the  local normal force 
power a-pectral densky pmgrani, describe6 in Apperzdix I. The outputs of the 
program are the  €US bending moments and def lect ions.  I f  sense switch one is 
i n  the d m  posi t ion,  the power spectral dens i t i e s  of the bending moments 
and def lec t ions  w i l l  be output as functions of frequency. The mean square 
values of the  power spectral dens i t ies  of the bending moments and def lec t ions  
generated by f luctuat ions below a given frequency w i l l  a l s o  be output as func- 
t i ons  of frequency. 
The necessary inputs 
This programmust be modified i f  it is t o  be used t o  reduce data  by t he  
c ross  spectrum method using cross terms of the power spectral dens i t i e s  of the  
loca l  normal force coe f f i c i en t s  as inputs. Section A, which is  indicated i n  
the program l i s t i n g ,  mus t  be removed. 
be changed t o  J. 
The statement number 19 must be changed t o  statement number 14. 
The second index on a l l  pRCP(1,I) must 
The read statement for  PHCP(1,J) must include a J index. 
I f  t h i s  program is t o  be used i n  reducing da ta  by the series method, 
sect ions A, B, and C mus t  be removed. Statements t h a t  provide f o r  t h e  input 
of t he  integrated power spectral dens i t i e s  of the local normal force coef f i -  
c i e n t s  t o  the computer program w i l l  have t o  be added. 
Definit ions 
A. Inputs (must  be i n  t h i s  order) 
1. Single inputs 
*IM 
*ID 
*IY 
*IF 
*JL 
*M 
*NF 
Month 
Day 
Year 
Number of vehicle segments 
Number of vehicle segments or  number of cross  terms 
Key t o  maximum or  minimum case 
Number of s ign i f i can t  bending modes 
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2. 
3.  
Multiple inputs 
*R (1) 
*DX ( I) 
*EI(I) 
Multiple inputs 
*ALP(I) 
*ALP1 ( I )  
W R O  
*PHCP( I, I )  
B. In te rna l  Definit ions 
pM(I,  J) 
Final  value of the mode1 c i r cu la r  frequency 
Increment of the  model c i r cu la r  frequency 
Tunnel dynamic pressure 
Length of the model i n  inches 
Velocity as seen by the model i n  f t / s e c  
Length of the vehicle i n  inches 
Velocity of the vehicle a t  the proper Mach no. 
f t l s e c  
Dimensionless radius of the vehicle a t  each segment 
Dimensionless length of each segment 
Bending s t i f f n e s s  a t  each s t a t i o n  of the vehicle 
that  must be input with each mode 
Normalized bending mode of the vehicle 
Second der ivat ive of the normalized bending mode 
Damping r a t i o  of the vehicle ( f i r s t  value on a 
card with RO and WN) 
Natural frequency of the vehicle (second value on 
a card with RO and WN) 
Power spec t ra l  dens i t ies  of the loca l  normal force 
coeff ic ients  
Key that  indicates t h a t  a l l  of the power spectral 
densi t ies  have reached the zero slope portion of 
the curves 
M u l t i p l i e r  of the power spec t r a l  density of the 
loca l  normal force t o  y ie ld  the integrated power 
spectral  densi ty  
Power spec t ra l  density of the bending def lec t ion  
Power spec t ra l  density of the bending moment 
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I 
t 
a 
I 
J 
K 
ww 
WP 
Kl? 
ZN 
wx 
D I  
L 
Previous value of the power spectral density of the 
bending def lec t ion  
Previous value of the power spec t r a l  density of 
the bending moment 
Parameter t h a t  is set equal t o  the power spec t r a l  
density of the bending moment or the  bending 
def lect ion 
Parameter that is set equal t o  the previous value 
of the power spectral density of the bending moment 
or the bending def lec t ion  
Mean square of the bending def lect ion 
Mean square of the bending moment 
Root mean square of the bending def lect ion of an 
ind ividua 1 mode 
Root mean square of the bending moment of an in- 
dividual mode 
Root mean square of the  bending def lect ion of the 
t o t a l  of a l l  modes 
Root mean square of the bending moment of the t o t a l  
of a l l  modes 
Index of the vehicle segments 
Index of the vehicle segments 
Index of the integrat ion with c i r cu la r  frequency 
I n i t i a l  value of the c i r cu la r  frequency 
Previous value of the  c i r cu la r  frequency 
Key for the termination of the  integrat ion process 
Integrated power spec t r a l  density 
Vehicle c i r cu la r  frequency 
Impedance 
Key tha t  determines whether the program is com- 
puting moments or  def lect ions 
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D 
ZNT? 
W 
Incremental value of the  power s p e c t r a l  den- 
si t ies of e i t h e r  the  moments or the  def lec t ions .  
Previous value of t he  integrated power spectral 
density 
V a l u e  of the c i r c u l a r  frequency a t  any pa r t i cu la r  
ca lcu la t ion  
*ingle c a s  input with las t  d i g i t  i n  column No. 5 
-ingle o r  multiple card input with a 12-column width ( i .e. ,  Format (6E12.4)) 
-ingle card input w i t h  last d i g i t  i n  column No. 10 
67 
68 
69 
1.5 w1=1000. 
b6  ZtuP=ZN 
LN.0 .  
G O  TO I 
*STATEMENT NUMBER MUST BE CHANGED TO 14 
WWGE TO: 5 READ 102, ((PHCP(I,J), J = 1, JF), I = 1, IF) 
NOTE DIMENSION STATEMENT IWST ALSO BE MODIFIED 
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APPENDIX F 
BENDING MODE NORMALIZATION 
I n  the methods developed i n  t h i s  report  it i s  necessary tha t  the  bending 
modes be normalized such t h a t  Eq. (7) i s  val id .  
J1 m an2(x) dx = 1 (7) 
This program computes the normalized bending modes. 
C is  computed by 
A normalization constant 
where An(x) is  a bending mode which has not been normalized. The normalized 
bending mode i s  obtained by multiplying the unnormalized bending mode by the 
constant C. 
by multiplying the unnormalized second bending mode by the  normalization 
constant and the square of the length of the vehicle i n  inches. The program 
outputs a re  the normalized bending modes and the second der ivat ives  of these 
modes. 
outputs is such tha t  the cards can be used as inputs t o  the programs de- 
scribed i n  Appendix I. 
The second derivative of the normalized bending mode is obtained 
The outputs a re  punched on cards and printed. The form of the punched 
This program must be used i n  conjunction with the interpolat ion subrou- 
t i n e  of Appendix G. 
Definit ions 
A. Inputs (must be i n  t h i s  order) 
1. Single inputs 
*IM Month 
*IY Year 
*n Number of vehicle segments 
*a Length of the tab les  t h a t  a r e  t o  be input 
*NF Number of s ign i f i can t  bending modes 
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2. 
3. 
Integration in t e rva l  
I n i t i a l  vehicle s t a t i o n  
Length of the vehicle i n  inches 
The mass a t  a pa r t i cu la r  s t a t i o n  and the  
corresponding dimensionless vehicle s t a t i o n  
Dimensionless vehicle s t a t i o n  where the local nor- 
ai force is eoilceiitrated. 
Multiple inputs  t h a t  must  be input with each mode 
B. I n t e rna l  Definit ions 
KB1 
HF1 
KB2 
HF2 
KB3 
KF3 
The unnormalized bending mode and the corresponding 
dimensionless vehicle s t a t i o n  
The unnormalized second der iva t ive  of the bending ~ 
mode with respect t o  vehicle length i n  inches 
and the corresponding dimensionless vehicle  
station 
Beginning of the mass t ab le  
End of the mass t ab le  
Beginning of t he  unnormalized bending mode t ab le  
End of the unnormalized bending mode t ab le  
Beginning of the  second der iva t ive  of the un- 
normalized bending mode tab le  
End of the second der iva t ive  of the unnormalized 
bending mode t ab le  
Mode number 
Vehicle segment number 
Normalized bending mode 
Normalized second der iva t ive  0, the  bending mode 
The area under the curve generated by multiplying 
the unnormalized bending mode and the mass 
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8 L 
AA 
BB 
Unnormalized bending mode a t  a pa r t i cu la r  vehicle 
s t a t i o n  
Unnormalized second der iva t ive  of the  bending mode 
a t  a par t icu lar  vehicle  s t a t i o n  
C Norma 1 iza t ion constant 
DA 
PI 
xs 
Y 1  
Y2 
Incremental area under the  curve 
Mass at  a pa r t i cu la r  vehicle  s t a t i o n  
Vehicle s t a t i o n  f o r  a pa r t i cu la r  loop 
Previous value of Y2 
Product of mass and the  square of the  unnormalized 
bending mode 
K Index of the tabular  values 
%ingle  card inputs  with last d i g i t  i n  column 5 
M i n g l e  or multiple card inputs  on a 12-column width ( i .e . ,  Format (6E12.4)) 
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APPENDIX G 
INTERPOLAT I O N  SUBRCKTT INE 
This program performs the  in te rpola t ion  i n  a two dimensional system. 
program checks t o  see f i r s t  i f  the value of the  independent var iab le  i s  out- 
s i d e  t h e  t ab le  t h a t  has been input. 
t he  program outputs the  t a b l e  length, the  independent var iab le  value, and the 
f i r s t  and last Values ii; the table. If the independent var iab le  is within the  
l i m i t s  of the  program, a l i nea r  in te rpola t ion  is conducted. 
always starts a t  the  beginning of the t ab le  and runs u n t i l  it reaches the 
proper value. 
The 
If the  value is outside the program limits, 
The program 
The linkage or  connection between the main program and t h i s  subroutine 
suppl ies  t he  data  spec i f ied  in the d e f i n i t i o n  sec t ion  and i n  the order speci- 
f ied .  The length of s torage space spec i f ied  i n  the dimension statement f o r  
the dependent and independent var iables  must be the same as i n  the main 
program. 
Definit ions 
A. Linkage Connection (must be i n  t h i s  order) 
1. Input t o  the  subroutine from the  main program 
KK The beginning index number of each tab le  
KKL The ending index number of each t a b l e  
xs The present value of the  independent var iab le  
X Independent var iab le  
Y Dependent var iab le  
2. Transferred from the  subroutine t o  the  main program 
PAR Interpolated value of the  dependent var iab le  
B. I n t e rna l  Definit ions 
L Index of the  second value of the t ab le  
u Index of t he  las t  value of the  t ab le  
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APPENDIX H 
BUFFETING PITCHING IrloMENT PROGRAM 
The root mean square of the pitching moment coef f ic ien t  due t o  buffet ing 
The required inputs a r e  shown i n  the  de f in i t i on  is computed by t h i s  program. 
sec t ion  of t h i s  appendix. 
t5m.s cf the i=puc, ere the p m 9 m i  cwtplrt of the loca l  normal force coef f ic ien t  
pmer  spec t r a l  density program described i n  Appendix I. It must be i n  the same 
order a s  it is output by the procedure of Appendix I. The power spec t r a l  den- 
s i t i e s  of the pitching moment and pitching moment coe f f i c i en t ,  as  well  as the 
values of the mean square pitching moment coef f ic ien ts  generated below vari-  
ous frequencies, a r e  output as  a function of model frequency. A l l  outputs 
a re  fo r  the model and must be scaled t o  the f u l l  vehicle. 
It should be noted tha t  the pACP(1,I) and KK por- 
This program must be modified i f  it is  t o  be used t o  reduce data by the 
cross spectrum method using cross terms of the power spec t r a l  dens i t ies  of the 
loca l  normal force coef f ic ien ts  as inputs. Section A, which is  indicated i n  
the program l i s t i n g ,  m u s t  be removed. The second index on a l l  PHCP(1,I) must 
be changed t o  J. The read statement for  PHCP(1,J) must include a J index. 
Statement number 2 1  must be changed t o  statement number 17. 
I f  t h i s  program is t o  be used i n  reducing data  by the s e r i e s  method, 
sect ions A ,  B ,  and C must be removed. Statement W =WP + W I  should be nun- 
bered 13. Statements t ha t  input the integrated power spec t r a l  dens i t ies  of 
the loca l  normal force coeff ic ients  t o  the computer program w i l l  have t o  be 
added. 
Definit ions 
A. Inputs (must be i n  t h i s  order) 
1. Single inputs 
*IM Month 
*IY Year 
*IF Number of vehicle segments 
*JL Number of vehicle segments or the number of cross 
terms 
*M Index t o  maximum or minimum case 
jrktJF Final value of the model c i r c u l a r  frequency 
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JWYJI Increment on the model c i r cu la r  frequency 
*XI Dimensionless vehicle s t a t i o n  about which the 
pitching moment is computed 
*RR Dimensionless reference radius = 0.0489 
*pH1 3.1416 
2, Multiple inputs 
*R(I) Dimensionless radius  of the vehicle a t  each segment 
*DX ( I) Dimensionless length of each vehicle segment 
*X(I) Dimensionless s t a t i o n  a t  which the loca l  normal 
force on the  vehicle segment i s  concentrated 
*P€€CP (I, I) Power spec t ra l  densi ty  of the local normal force 
caef f i c ien ts  
-KK Key that  indicates  t h a t  a l l  of the power spectral 
dens i t ies  have reached the zero slope portion of 
the curves 
B. I n t e rna l  Defini t ions 
WP Previous value of the c i r cu la r  frequency 
W Value of t he  c i r cu la r  frequency a t  any pa r t i cu la r  
ca 1 cu l a  t i on 
PM(I , J) Multiplier of the power spec t r a l  density of the 
loca l  normal force tha t  yields  the integrated 
power spec t ra l  density 
ZN Integrated power spec t r a l  densi ty  
ZM Power spec t ra l  density of the  pitching moment 
m -  
D 
TM 
Power spec t ra l  density of the pitching moment 
coeff ic ient  
Previous value of the power spectral density of the 
pitching moment coef f ic ien t  
Incremental value of the mean square pitching 
moment coef f ic ien t  
Mean square pitching moment coef f ic ien t  generated 
up t o  a piven frequency 
79 
DCM Root mean square pitching moment coef f ic ien t  
KF Key t o  the end of the  in tegra t ion  process 
I Index of the vehicle segments 
J Index of the vehicle segments or  the cross power 
spec t ra l  dens i t ies  
K Index on the integrat ion process 
% i n g l e  card input with the l a s t  d i g i t  in  column 5 
m i n g l e  or multiple card inputs with a 12-column width ( i . e . ,  Format (6E12.4)) 
-ingle card inputs with the last d i g i t  i n  column 10 
80 
I 
8 
I 
' 1  
I 
1 
I 
' I  
I 
I 
1 
8 
I 
I 
I 
8 
1 
8 
I N 
81 
.- e 
27 IF(OUf4-PHH)32,31,32 
3 1  W I . l o o *  
3 2  OUM=PHll 
1 -  
P R I N T I O I , K ~ W ~ Z ~ , P H ~ , T ~  
I F ( K F ) 3 0 , 3 0 ~ 2 9  
30 K = K + 1  
WP*W 
ZN'Q.  
GO 10 13 
P R I N T I I ~ Y D C M  
I1 
18 
2 9  DCH.SOHTf(TM) 
*IF B AND C ARE REMOVED THIS STATEMENT MUST BE " B J Z R E D  13 1 *IF A IS REMOVED THIS STATEMENT MUST BE RENUMBERED 17 
I 
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APPENDTX I 
LOCAL NORMAL FORCE COEFFICIENT POWER SPECTRAL DENSITIES 
This program computes the power spec t ra l  dens i t ies  of the loca l  normal 
force coef f ic ien ts  from root  mean square values of the local normal force 
coef f ic ien ts .  This procedure is necessary fo r  reducing the PSTL-1 data  s ince 
oilly 2 % ~  IC% va9.1es cf the mrml force coef f ic ien ts  are available.  The 
power spectral dens i t ies  of the local  normal force coef f ic ien ts  are necessary 
t o  compute the R E  pitching moment coeff ic ients  and the RMS bending moment s  
and def lect ions caused by buffeting. The required inputs for  the  program are 
indicated under the l i s t i n g  of the def ini t ions.  Included i n  the inputs are 
the  turbulent components and t o t a l  root mean square values of the loca l  normal 
force coeff ic ients .  The outputs a re  printed and punched. The punched outputs 
a re  i n  the proper form t o  be used in both the pitching moment coef f ic ien t  
program described i n  Appendix H and the bending moment and def lect ion program 
described i n  Appendix E.  
Definit ions 
A. Inputs ( m u s t  be i n  t h i s  order) 
1. Single input 
*IM 
*ID 
*IY 
*IF 
JwtwF 
-1 
**sLP 
MQ 
2. Multiple inputs 
q c P  (I) 
*wPT (I) 
Month 
Day 
Year 
Number of vehicle segments 
Final value of the model c i r cu la r  frequency 
Increment on the model c i r cu la r  frequency 
A value which when divided by Q w i l l  y ie ld  the 
slope,  USUally -0.4 
Tunnel dynamic pressure 
Root mean square loca l  normal force coef f ic ien t  
Turbulent portion of the root mean square local  
normal force coeff ic ient  
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B. I n t e r n a l  Definit ions 
The height of the  portion of the curve with slope 
of -0.4/Q2 
I Index f o r  the vehicle segments 
K Index fo r  the  frequency increment 
KK 
K F  
M 
Key that indicates  t h a t  a l l  of the power spectral 
dens i t i e s  of the local normal. force c m i f l c i e n t s  
have reached the zero slope portion of the  curves 
Key for  the termination of the in tegra t ion  process 
Counter tha t  indicates  t h a t  the  zero slope portion 
of a l l  the local normal force power spec t r a l  densi- 
t ies has been reached 
Power spec t r a l  densi ty  of the  turbulent  portion of 
the local norm1 force coef f ic ien t  
Power spec t r a l  dens i t i e s  of the  local normal force 
coef f ic ien t  
Difference between the squares of the turbulent and 
t o t a l  root mean square loca l  normal force coe f f i c i en t s  
The m o d e l  frequency a t  which the  portion of the 
local normal force power s p e c t r a l  densi ty  with a 
slope of -0.4/Q2 terminates 
*Single card input with last d i g i t  i n  column 5 
*Single or  multiple card input i n  a 12-column width ( i . e . ,  Format (6312.4)) 
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READ 1009lD 
READ 1009iY 
READ 100,IF 
READ 1029kF 
HEAD 1029WI 
READ IO29SLP 
REAO lOLtU 
RtADIOZ,(TCP(1),I.lr~~) 
READIOZ,(CPT(I),i.l,IF) 
P R I N T  1 0 b 9 1 ~ 9 1 0 9 1 ~  
PRINT I O S , ( T C P ( I ) ~ C ~ T ( I ) t I ~ ~ ~ I F )  
PRINT IO~~SLP,UF,UI,UBIF 
PRINT ~ 0 7  
WP.-UI 
1.1 
SLP*SLP/Q*.2 
M. 0 
GO TO 12 8 It W C . W S ( I )  
1 1 . 1  WP.W 
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APPENDIX J 
BENDING MOMENT COMPUTED BY SECOND DERIVATIVE METHOD 
This program computes the vehicle bending moment for  a un i t  nose deflec- 
t i on  by means of equation 40. This w i l l  allow a comparison t o  be made with 
the i n t e g r a l  method of Appendix K t ha t  was used i n  the ae roe la s t i c  t e s t s .  The 
inputs for the program are s h m  i n  the def in i t ions  given i n  t h i s  Appendix. 
The outputs consis t  of the bending moments a t  a r b i t a r i l y  selected vehicle s t a -  
t ions  caused by a nose def lec t ion  of one foot.  These calculat ions a r e  made by 
the second der ivat ive method. 
Defini t ions 
A. Inputs (must be in  t h i s  order) 
1. Single input 
*IM Month 
*IY Year 
*IF Number of vehicle segments 
*JL Number of vehicle segments or number of cross terms 
w Key t o  the maximum or minimum case 
*NF N u m b e r  of s ign i f i can t  modes 
w F i r s t  value of the mode c i r cu la r  frequency 
*I Increment of the c i r cu la r  frequency 
*Q Dynamic pressure 
jrKTLM Model length i n  inches 
JrxvM Model veloci ty  i n  ft/sec 
*JrlTL Length of the vehicle i n  inches 
*V Vehicle velocity i n  f t / s e c  
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2. 
3.  
Multiple inputs 
jiJCR(I) Dimensionless radius a t  each vehicle segment 
*DX ( I) Dimensionless length of each vehicle segment 
*EI(I) Bending s t i f f n e s s  of each vehicle  segment 
Multiple inputs which must be reinput fo r  each mode 
*ALP(I) Normalized bending modes a t  each vehicle ae5gaent 
*ALP1 (I) Normalized second der iva t ive  of the bending modes 
a t  each vehicle segment 
**PHCP (I, I) Local normal force power spectral dens i t ies  
-KK 
B. I n t e rna l  Defini t ions 
PM(I,J) 
Key tha t  indicates  t h a t  a l l  of the power spectral 
dens i t ies  of the loca l  n o m 1  forces have reached 
the zero slope portion of the  curves 
Multiplier of the local normal force coe f f i c i en t s  
pmer spec t r a l  density t o  y i e ld  the  integrated 
power spec t r a l  densi ty  
= o  
Power spec t ra l  density of the bending moment deter-  
mined by the cross spectrum method 
= o  
Previous value of the  power spec t r a l  densi ty  of 
the bending moment determined by the  cross  spectrum 
method 
Parameters set equal t o  PRM(1) 
Parameters set equal t o  QUM(1) 
= o  
Mean square of the bending moment computed by the 
cross spectrum method 
The bending moment obtained by equation 40 
Root mean square bending moment for  a par t icu lar  
mode 
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ww 
WP 
KF 
ZN 
ZNP 
wx 
D I  
L 
D 
The t o t a l  bending moment determined by equation 40 
Root mean square bending moment determined by the 
cross  spectrum methods for  the  t o t a l  of a l l  modes 
Index of vehicle segment 
Index of vehicle segment or number of c ross  t e r m  
Index of the in tegra t ion  with respect t o  c i r c u l a r  
frequency 
Storage for  the i n i t i a l  value of t h e  c i r c u l a r  f re -  
quency increment 
Previous value of the c i r c u l a r  frequency 
Key t o  the  termination of the in tegra t ion  
Integrated power spec t r a l  density Inn 
Previous value of the integrated power spectral 
density 
Vehicle c i r cu la r  frequency 
I m p e  dance 
= o  
Incremental value of the pwer s p e c t r a l  densi ty  of 
the bending moment computed by the c ross  spectrum 
method 
*Single card input with the  last  d i g i t  i n  column 5 
%ingle o r  multiple card input with a 12-column width ( i .e. ,  Format 
(6E12.4)) 
m i n g l e  card input with the  last d i g i t  i n  column 10 
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Definit ions 
A .  Inputs  (must be i n  t h i s  order) 
1. Single inputs 
*IM Month 
-- "IY x ear 
*JF N u m b e r  of vehicle segments 
*KF Length of the t ab le s  t h a t  a r e  t o  be read i n  
*NF N u m b e r  of s ign i f i can t  modes 
*DX Integrat ion i n t e r v a l  
Jt-kzMI I n i t i a l  vehicle s t a t i o n  
*L Length of the vehicle i n  inches 
2. Multiple inputs 
*P(K)a X(K) The mss a t  a par t icu lar  s t a t i o n  and the  correspond- 
ing dimensionless vehicle  s t a t i o n  
n;--imlPsfi vehic le  s t a t i o n  where the loca l  
normal force can be considered t o  act 
&&%n#t . ,r\  
3 .  Multiple inputs t h a t  must be re-entered with each mode 
*AI,(K), X(K) The unnormalized bending mode and the corresponding 
dimensionless vehicle s t a t i o n  
*ALl(K), X(K) The unnormalized second der iva t ive  of t he  bending 
mode with respect  t o  vehicle length, i n  inches, and 
the corresponding dimensionless vehicle s t a t i o n  
B. I n t e rna l  Definit ion 
KB1 
KF1 
KB2 
KF2 
Beginning of the mass t ab l e  
End of the mass table  
Beginning of the unnormalized bending mode t ab le  
End of the unnormalized bending mode t a b l e  
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KB3 
KF3 
N 
J 
DXI  
xs 
xo 
P I  
AA 
Y2 
DA 
DX 
A 
Y 1  
WN 
Beginning of the second der ivat ive of the unnor- 
malized bending mode tab le  
End of the second der ivat ive of the unnormalized 
bending mode tab le  
Index on the mode number 
Index on the vehicle segments 
i n i t i a i  vaiue of the intsgration i n t e rva l  
Vehicle s t a t ion  a t  any par t icu lar  increment 
Vehicle segment of i n t e r e s t  
Mass a t  a par t icu lar  vehicle s t a t i o n  
Unnormalized bending mode a t  a par t icu lar  vehicle 
s t a t i o n  
The value of the quantity t o  be integrated a t  a 
par t icular  vehicle s t a t i o n  
Incremental area of the moment in t eg ra l  
Integration in t e rva l  
Area up t o  the par t icu lar  vehicle s t a t ion  under the 
-...-v.n 
Previous value of the quantity t o  be integrated a t  
a par t icular  vehicle s t a t i o n  
Natural frequency of the mode 
*Single card inputs with the l a s t  d i g i t  i n  column 5 
%ingle o r  multiple card inputs w i t h  a 12-column width (i.e., Format (6E12.4)) 
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APPENDIX L 
EQUIVALENCE OF THE TWO METHODS OF COMPUTING BENDING 
MOMENT PER UNIT NOSE DEFLECTION 
Consider Eq. (113) 
and Eq. (9) 
Subs t i t u t ing  Eq. (9) i n t o  Eq. (113) gives 
(113) 
(9) 
In tegra t ing  the f i r s t  term i n  Eq. (L-2) 
(L-3) 
Since the  second and th i rd  derivatives of the bending modes of a beam at  a 
f r ee  end are equal t o  zero, Eq. (L-3) can be wr i t ten  
In tegra t ing  the  second term i n  Eq. (L-2) by pa r t s  
-J,” ( E 1  4 (z) f  dz} 
(L-4) 
Since the second and t h i r d  der ivat ives  of a bending mode are zero a t  x = 0 
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Substituting Eq.  (L-4) and (L-6) into Eq.  (L-2) yields 
Mn(x) = E1 <(XI rn(t) 
Yn(0) L a o )  7 , w  
which i s  the same as Eq. (40) by Eq.  (11) and its second der ivat ive .  
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APPENDIX M 
COWATABILITY OF INPUT DATA 
The mass d i s t r ibu t ion ,  bending s t i f f n e s s ,  and bending modes, which w e r e  
obtained from severa l  sources, must represent a consis tent  set of da ta  and 
s a t i s f y  Eq. (9). The procedure presented i n  t h i s  appendix appl ies  da ta  t o  
the e q ~ a t i o n  t n  verify t h i s  fac t .  However, Eq. (9) contains four th  der iva t ives  
of the bending modes, and s ince  the  accuracy of obtaining t h e  four th  der iva t ive  
of the bending mode from experimental da ta  is questionable, the equation must 
be integrated.  
Consider 
In tegra t ion  y i e lds  
J O  
( 9 )  
or  
(M- 5 ) 
/ 
an(x) = %(O) + x (0) + IDn(x) 
which is the  integrated form of Eq. (9) fo r  a f ree-free beam. 
To check the  compatibility of the mass d i s t r ibu t ion ,  the bending s t i f f n e s s  
d i s t r i b u t i o n ,  and the bending mode, the above equations have been programmed. 
The data  must be input i n  the order prescribed i n  the de f in i t i on  section of 
t h i s  appendix. The program w i l l  compute for  one mode only. Additional com- 
puter runs mus t  be made for  each mode a f t e r  the new bending mode and f i r s t  
der iva t ive  of the bending mode a t  x = 0 replace the previous values i n  the  in- 
put data.  The output i s  the computed bending mode, the  input bending mode, 
IA,, I%, IC,, and ID,. The r e su l t s  of t h i s  comparison a re  shown i n  f igure  20. 
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APPENDIX K 
BENDING MOMENT COMPUTED BY IMlEGRAL METHOD 
The modal bending moment, for  unity nose displacement i n  feet ,  about 
point x generated by the  force per uni t  dimensionless length, F(x), ac t ing  
over t h e  dimensionless length (hi) is given by 
A 
The force per u n i t  dimensionless length F(xi) f o r  mode n i s  given by 
From Eq. (11) 
yn(z i , t )  = %(zi) Tn(t> 
Since ~ ~ ( t )  is  s inusoidal ,  the  second t i m e  der iva t ive  of y(x i , t )  can be 
wr i t t en  
.. 
Yn(zi,t) = - ~ 2  an(2-i) 7n(t)  
Subs t i tu t ing  Eq. (K-3) i n t o  (K-2) and Eq. (K-2) i n t o  (K-1) y ie lds  
3 - 2  
From Eq. (ll), t h i s  can be wr i t ten  
. .  2-3 
f o r  a l l  values of t. 
Evaluation of Eq. (113) by the computer program presented i n  t h i s  appendix 
w i l l  y i e ld  the modal bending moments for  uni ty  nose def lec t ion  i n  f e e t ,  a t  
each vehicle  segment. The inputs required a r e  defined and l i s t e d  i n  t h e i r  
proper input order i n  the  de f in i t i on  sec t ion  of t h i s  appendix. The input bend- 
ing modes , AL(K),  are not those normalized by t h e  methods presented i n  Appendix 
F. They must have uni ty  displacement a t  the nose. The output i s  given fo r  
each vehicle  segment and each mode. 
This program must be used i n  conjunction with the in te rpola t ion  subrou- 
t i n e  described i n  Appendix G. 
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Definit ions 
A. Inputs (must be i n  t h i s  order) 
1. Single input 
*IM Month 
*ID Day 
-.--. XT- * L X  1C-r 
*m Length of mass t ab l e  
*KE Length of bending s t i f f n e s s  t ab le  
J.'RA 
WCL Length of the vehicle i n  inches 
W X  Integrat ion i n t e r v a l  
m Natural frequency 
JWrXI I n i t i a l  vehicle s t a t i o n  
-wcF Final  vehicle s t a t i o n  
*ALP1 Normalized der iva t ive  a t  i n i t i a l  vehicle s t a t i o n  
Length of bending mode t a b l e  
of the bendim mode 
2. Multiple inputs 
*pM(K) Mass as a function of vehicle  s t a t i o n  
*PX(K) Vehicle s ta t ions  corresponding t o  the  above mass 
*EI(K) Bending s t i f f n e s s  as a function of vehicle s t a t i o n  
**EX(K) Vehicle s t a t ion  corresponding t o  the  above bending 
s t i f f n e s s  
*ALP (K) Normalized bending mode as a function of vehicle 
s ta t  ion 
Vehicle s t a t ion  corresponding t o  the above nor- 
malized bending mode 
B. In te rna l  Definit ions 
KB1 Beginning of the mass t ab le  
101 
c 
i 
KF1 
KB2 
KF2 
KB3 
KJ?3 
PA 
PB 
PC 
PD 
PMP 
AAP 
PEI 
X 
PMM 
EE I 
AALP 
A 
B 
C 
D 
ALPA 
End of the mass table  
Beginning of the bending s t i f f n e s s  tab le  
End of the bending s t i f f n e s s  table  
Beginning of the normalized mode tab le  
End of the normalized mode t ab le  
rrevious v a l ~  of the integral A 
Previous value of the in tegra l  B 
Previous value of the in tegra l  C 
Previous value of the in tegra l  D 
Previous value of the mass 
Previous value of the bending mode 
Previous value of the bending St i f fness  
Vehicle s t a t ion  for  each increment 
Mass a t  a par t icu lar  vehicle s t a t i o n  
Bending s t i f fnes s  a t  a par t icu lar  vehicle s t a t i o n  
Bending mode value a t  a par t icu lar  vehicle s t a t i o n  
In tegra l  A 
In tegra l  B 
In tegra l  C 
In tegra l  D 
Calculated bending mode 
- 
%ingle card inputs with the l a s t  d i g i t  i n  column 5 
W u l t i p l e  inputs and or multiple card inputs with a 12-column width 
( i . e . ,  Format (6E12.4)) 
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